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B

Adding () and (ii) we obtain

1 1
%+7+7*~ .. (i)

m\‘éN
n

Y .
y 2.6 Fourier series of arbitrary period

A function f(x) need not always be defined in an interval of length 2m
When the length of the interval is other than 2m, we shall denote it by

Onl}" ' . . . :
enoth 21 be (¢, ¢+20). Itis important to note

71 A general interval of |
. . X . X
(hat the sine and cosine functions of the form sin i and cos -

are periodic functions of period 2. Itis justificd as elow.

Let F(x) = sin [%—‘J G(x) = cos [E}J

R . [ mx
Then F(x+2l) = sin T(x+21)}=sm (—[—-I-ZT[J

= sin ltl—\)= F(x)

Similarly G (x+2/) = G (x). Thus as discussed in article 2.3 the
trigonometric series is of the form :

a N > e )
?O-i- z a, cos (——’7“]4— )X b”sin[ilg]

n=1 n =1

If f(x) definedin (c, c+2l) satisfies Dirichlet’s conditions then
. a 00 - oo i
f(x)z—Q+ Y a cos [MJ+ b sin[ﬂJ
2 n [ n )i
n =1 n =1
is called as the Fourier series of arbitrary period 21

Proceeding on similar lines as in article 2.3 we can establish Euler’s formulac
for the Fourier coefficients in the form

1(.+2[ c+2 ‘
a0=._1.J‘f(_\-) d.l',(l” =-[— J‘ f(\') COS (ij;—\‘)d\',

, ¢
c+2

bn :%J.f(\) sin (%l]dl

(
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Working procedure for pr oblems

we fi
@ [ the period of the given function is other than 2n

the period to 2/ and obtain the value l.

: ompulte
® We then write the appropriate Fourier scrics and comp

a . a . b associated with it
0" n n
e Howeveriff(x) is defined in an nterv
(0. 20) wecancompute a,, d,- b, ’ -
1o the following table 1nto consideration.

ENGINEERING MATHEMATICS -

rst cquate

al of the form (=1, [)or
using the concept of even

and odd functions taking

o ’ b
Nature & condition a, L n
of f(x)
Even function . { j [ .
f(=x)=[f(x) ?I_f’(.r)dx -;—J /(\)LO‘?.'—!—‘([\. 0
or 0 ‘ 0
f(A=x)=/fx)
(Odd function - N [
Fl-x) = =f(x) 0 0 2 [ (x) sin
or 0
f(2A-x)=-fx)
WORKED EXAMPLES.
# 21. Obtain the Fourier series of f(x) =lxlin (=1, 1)
] TE“
Hence show that — + —]; + —]; F+ . = —
12 3 5 8

>> The period of f(x) =[=(—=1) =21 and the Fourier scries of

period 2/ is given by

o0 oo

- __0 nmx :
n = l - ] 1l l

We shall check f(x) = x| foreven or odd nature.

f(=x)=l-xl=lxl=f(x)

Hence f(.x) is even and consequently b =0
2 ! ,
PR _2 Ny
Ty l(_[f(\)d\ a”——[-J (\)L.os——l—dr
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2 &
Z{vde =75 _ L (pr-0)=1 — ==
(((]_IJ.\(I\ [|72} [(l ) 2 2
0
0
! .
B, = %— J- X Cos 1];2 dv. Applying Bernoulli's rule,
0
{
LAY . hy
) sin I cOS /
a =7 - = -5
no (nr/1) ( nr/1 )2 5
2 P nmyY o it — 1)
=T 33 cos —— = z(cosmt
nm 0 n-r
sinne = 0 = sin0
-2 | \
a, = 7|1—(_I)”i
n-mno
Thus the required Fourier series is given by
= "'2[ 1 nnx
f) =5+ E = {1-(-1)"}f cos =~
n=1 :
To deduce the series we shall put x =0 f(x) =90
N |
0=2-= £ 5 I-(=1)]]
= nopon
. -1 -2 - | ‘ 1[2 OO ]
e, —=— X —5 1—(—1)" of 0—= X —11—=(- n|
2 I ( i l
2 T 0 = n ( y
Bu 1-(—-1)" = l-(+1)=20 when n i$ even
| —(=1) =2 when n 1s odd
2 )
| I ‘.’EZ 1
- = Z — .2 or ——=——+_1_ i
L 4 n=1.3.5 .. ”2 8 12 32-}‘52+-..

Scanned by CamScanner



h1 .
‘ ENGINEERING MATHEMATICS - I
222
[ epresent

& 22. Obtainthe Fourier series 10 represe

f( T):.\'—.\'2 m —1<x< [ 2 .

e ' _(-1)=2 7] =2 or [ =
> Here period of f(x) = fr{e=T11)

i iod 2 is given b
The Fourier ceries of f(X) having period 218 & y

[s ]

u 8 4 sin (T
—Q+Za”cos(nm) + Z b”.sm( )

flx)y=75 771 |
Since the inter alis (-1 1) letus check the given function for even or
mce e crve t
odd nature. )
2 L f(-x) = (=)= mxmx which is neither
Yy = x—Ax" -X) =" . i
flx) =2 ) de, f(X) is neither even nor odd.

equal to f(x) nor equal to -f(.x. ’
: V?/e shall find the Fourier coefﬁc:ents by Euler’s formulae.

' 1 _ ] 1o1y_z2 %ot
e, a0=(5—§]_[2+3 =73 S 3

1
-]i' jf(x) cos ('nmx) dx.

-1
|
= j (x—xz) cos (nmx) dx. Applying Bernoulli’s rule,

1l

a
n

-1

| 5. Sin (nmx ) cos ( nix
[ ety D 1y . - LD
nm n-Tme .
S | '
: sin ( nTx
+(=2) - ﬂ—*g_)l
nom
- |
= [(1~2 ! ‘
- —2x) cos (hmx . _

n* ) ( ‘)]_l‘ - sinat = 0
=) = . ' n
2 2‘{_C03”n*30051-m} = 40051111::_4(_1

n°m - = -

nm n°m
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a = —
L n- e

1 | :
9, F % j Fx) sin (nmy) dy = J (x—x?) sin(nmx) dx

-1 -1

- {(_\.__\_2) ‘ —cos (nmy) ~(1=2x) = sin(nmx)

nr ’_12 1:2

+(=2)
n®

R
cos(nm)}
— 1

— 1
S {O—(—2cosmt)}-—

( cos nt — cos nm )

nm 113 7'[3
,:-._2(_1)” b :_2_(_1)u+1
nm Tonm
The required Fourier series is given by
_ 1 P 1 n+1
f(x)=’—+iz>:—( z COS nTX
3 T 1 n
.°° ~1 n+1
+ 2 )y -(+ sin nTx
T .
& 23. Draw the graph of the function
T x in0 S x <1
f(x) = {n(? Yin 1.< x €2 and also show that the
—x)in l-£x <

Fourier expansion of the function f(x) is

4 [ cosmx cos3mx  cos Smxy

T

2 12 32 52

>> Graphof f(x) =y |
f(x) = mx or y = mx is aline passing through the origin in [0, 1]
f(x)=n(2-x)ory=mn(2-x) i.e'., Tx+y = 21 or

—

g 5); = 1 in[1, 2], which is a straight line passing through

- (2,0) and (0, 2nm).
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094 ENGINEERING MATHEMATICS . |,
4y
(0, 2m)t
y = mx ‘ y=n(@-x
—
0[(0,0) (1,0) (2,0) x

f(x) is defined in [0.2] .. Period of f(x)=2-0=2

7] = 2 or ! = 1. The Fourier serics of f(x) having period 2 is
given by

oo . (=]

a
0 o ) :
f(x) = 2t }I: a”cos(nn_\).Jr ? b, sin ( nmx)

2 1 2
a, = —}-J flx)%x = j- f(x) dx + jj’(.t) dx
0 0 o
I 2 '
:j TX (l.r+-[1t(2—;\') dx
0 I
-~ 1 2
2 2
=T %} +l:2t—%]

0 |
L_olsa-2) —[2-1
2 - )

f(x) cos(nmy) dx

a =1
T

Il
A
C\__.(gr—/% —_—

y]

f(x) cos (nmx) dx+J f(x) cos(.nm\') ey
1

1l
o — —

"

Ty cos (nmx ) dx +_[ T(2=x) cos(nmx) dx
|\

Il
o —y —

e o | ) 4
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' 2
= ]]J Xcos (nmy) dv + j (2-x) cos (nmy) (/.rl
0 I

Applying Bernoulli’s rule to both the integrals

|
sin( nmy) cos (nmy)
fy =Jlxi———'= ]« =——=
n I n-no
0
2
sin (nmy) cos (nmy)
(2_-\') _(—l)'_ 7 9
nm n-n-
|
| 2
T . i am
= —= {[cosmtr] — [ cos nmx’] } wosinnm =0 = san
n-m- 0 I .
I ,
= 5 (cosnm—cos 0—cos 2 nrw+cos nm ).
nm
But cos2nm = 1 = cos0
_ 1 : . =2 7 | "
a =—-—(=-2+2cosnn) . a = s 1 1=(=1)"
n e n L
n-m Tn
2
| o, ‘
b = T f S(x) sin(nmx) dx
O .
I 2
= f f(x) sin(nmy) cl.r+f Flx)sin (nmy) dy
0 |
| 2
Le., =f T sin (amy) d.H-J (2-x) sin(nmy) dy
0 |
|
== .. = COS (nmy) () = sin ((nmy)
’ nm n-
0
2
—cos (nmx —sin (nmx )
"+ 1 (2-x) "“__)—(—l)-+
nrw ’I" T
|
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226 ENGINEERING MAW
, [ 2
;:__TE_{[_\. cos (nmx) | F[(2+=x) cos (nmx ) | }
nm 0 ‘ l

-1
— ;(cosmt—()

n

)+(()~cosnn); = 0

"

e, b,= 0
The required Fourier series 18 given by
o n
2 | —(—1
f’(\'):E—: )) ————(—;—‘l‘ cos ( nmx)
o 2 T =1 n-

. l—(+l)=0il’n is even
Bu 1-(=1)" =9 _(-1)=2if nisodd

Tt 4 - cos (nmx ) )
Hence f(X) =5 — — )2 — On expanding,
- T n=1,3.5... n
£ ) ‘TE 4 cosm+c053nx+c055nx+ ‘
LY — = =5 cosomx T 4.
2 n| 1 3° 52

(x)=0 - f(x)=mx in [0, 1]

Now putting X = 0 we have f

The Fourier series becomes

- Aliter : (Using the concept of even and odd functions)

£(x) is defined in (0, 2) which is of the form (0, 20). In the given
f(x) if ¢ (x) =mx and y(x) =7n(2—%),
8(2—x)=0(2-x) =n(2-x) = y(x)
f(x)isevenin(O0, 2)andhencéb =0
n

1

2 ’ I

a. == ) dx 2

07 ;[ f(x)dx, a, = 1 J‘ f(x)cos(nnx)dx
0

N
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FOURIER SERIES 227

a, = p) I nxdy = m ,onintegration
0

a =2 f T v cos ((nmy ) dx

l .

y =2 i "l : :
J vcos (nmx ) dy = | [ =(=1)" ,oninlcgration.
0

2
mn

& 24, Obrain the Fourier series for the function

3 2
flx) = " 3
] _ 2 m0<x<=
3 Y= 2
2
2 |
Hence deduce that LA —% + —12- —2‘

8 1¢ 3

5
. ) . 3 3
>> f(x) is defined in the interval (—7— 5]

-3 _ _ 3
—[7]~3 e, 2l = 30r[—2

We shall check f(x) for even or odd nature.

Period of f(x) =

B |

If ¢(1)— 1 +i3E o (-x) =1 -%’E=w(-\')

f(x) isan even function. Conscquently b” =90

The Fourier series of f(x) having period 3 is given by

a o0 ) ) )
) [ | nmx
fi(m) = > +z1‘:n”(.05[%J+?bﬂsm(%J

a * o J—_— N ey

; 0 2nmy . [ 2nmx

Le., f(x)=7+}:a” cos[ 3 ]+Zb“sm( 3 ]
et ' -

Since f(x) is even we have,

P
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228 ENGINEERING MATHEMATICS - |

/
’ 20l me o i
(y = i J f(x)de --ay= TJ f(x) dx
-0 0
Y,
. Ay
Loy = % .[ (.l = T: J dx
0
. oy
: = 432 20 0l=0
= 5 = = — — —_ - - = b —
3 3 312 3 4
, 0
ay = 0
i i |
2 2nmx ) -
a”z'i'[f 1)(.05[ 3 J(L 4 = T£f \)L()s—!-—d.\.
-0

4 40y 2nmx L
=3 J (l -3 J cos ( 3 de. Applying Bernoulli’s rule

3/2
2nmx- _ 2nmy

BN VO AT N ot DR B
3 3 | " 2w/ 3 (2nm/3 )

' 3/2 -
- 4 -4 9 o 2nmx -4 (co 1)
= = — - — | CcOos = COS Nt —
3 4112 n° 3. 0 2

3 n-m
4 | 8 .
a, = —— u‘l—(—l)”|‘ ora = ; >where n =1, 3, 5, ...
n-T n-mo
8 = I 2nmx
Hence f(x) = = A —5 COoS
T p=1,35,... 0 3

8 I T
]-_——5 Z — 0or —=L+i’+i+.
T oa=1,35... 0" 8 12 327 g2
T 25, Obtain the Fourier series for f(x) = e in the interval
0<x<?2

>> Theperiodof f(x) =2-0 =9 W=2orl=1l

e S
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FOURIER SERIES 229

-
The relevant Fourier series is given by

oo o0

a

0
flx) = 7t ? a cos nmy + III b sin nmy 2 53 ()
2 2 2
a, = J. f(x) dx, a = I f(x) cosnmydy, b = f f(x) sinmxdx
0 0 0

2 4 |
- - I - — /
GO':J-(,"([\'—‘[—E'\JOZ—(E —1):]—%:82 )
4 e /
0 /
ao_ez—l
2 2¢°

2
. :_[ e " cos nmx dx
0

ax

- e
We have J‘ e™ cos bxdx = =~
. a“+b*

(a cos bx+ b sin bx )

2

—X
4 .
a =[———-— (— cos nmx + nI sin nMx )

n 2.2

l+n°m

- 2
C —X
——— [e cos nTLr]O

_ | {e_zcos2nn—-l}='—_‘]—§.(l2—lJ

sin2nt = 0 = sin0

= o 2
l+n"m e

|+n"m

2
e — 1

Thus a = -
2 (1 +ntnd)

, e~ sin nmx dx

S
Il
O —_

L
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: = e .
We have I ™ sinbx dx = —5:—[)3 (asin bx - b cos bx)
a

2
- X
b = [——6—2——3 ( — sin A7mx — N7 COS rmx)L

i 1 +n°nm
gL [e_x oS nmr:lz =L I
= — ' =5 |=-1
I+n‘)'lfl:2 0 1 +n?n? &2 J
nw (62—1)
bn = 2 2 2
e“(l+n"m")

Substituting the values of @, a,, b —in (i), the required Fourier serje,

is given by

-1 - e*~1

+ X
2¢* 1 82(1+n21'cz)

COS nTx

f(x)=

: nm(ef-1)

sin nmx
1 € (1+n27r2)

& 26. Find the Fourier series of the periodic function defined by
f(x) = 2x—x% intheinterval 0 < x < 3

>> Theperiodof f(x) =3-0=3

2l =3 or [ =3/2 The Fourier series of period 2! is given by

a' =< ] [=e]
_ "% nmx . nmX
f(x) = >t L a cos -t Z b sin e

n-=1 : n=1

Putting [ = % the above becomes

2nmx 2nmx ()

3

+ X bn sin

a, =
f(x) = 2t L a_cos

We shall find Fourier coeffjcients from Euler’s formulae for the interval
(0, 3) with reference to the Fourier series (i), That is
=
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FOURIER SERIES 231 ‘

2nmx

f(x)sin 3

dx

3
2
aozg_‘—(?_x—xz)dx
0
2 37, a
_Z2l 2 x| _2 _oy_nl — . 0 _
‘3{“ 3JO_3[(9 9)=0}=0 . 3=0 '
; 2
= %J. (2x—x2) cos r131cx dx. Applying Bernoulli’s rule,
0
: 2nmx cos 2nmx
Sin = -
a, =2 (2x-2) —3_(2-2). >
n=3 2nm/3 (2nm/3 )
3
. 2nmx
- sin 3
+(-2)  ———
(2nm/3)
2 9 onmx T
nTx
=37 —55 | (2-2x)cos
34n27r2[ 3 0

The first and third terms vanish -.- sin 20 = 0 = sin0

3
=51 {(2-6) cos2nm~(2-0) cos 0]

But  cos2am = 1 = cos 0
-_3 -9 _g
an_znznz (—'6)—n2n2 - an=n2n2
9 3
b = 3 j (Z‘t"xz) sin 2n37l:x dx. Applying Bernoulli’s rule,
0
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ENGINEERING MATHEMATICS - 1

22 =

2nmx L 2nmx

— COS ——-{—‘” 2 — Sin 3
. 2 . —e——— = ( 2 —2x ) e ———
(2v-27) 2nm/3 (2nm/3 )2

3

i
Wt

2n7X
cos —37
+(=2) T3

(2nm/3 )3 "

- 3
2| —3 y 2111\;\’} 54 { - 2mrx}
=L —/— {(2v—x") COS - —3 3 )|
3 L 2nm { ( ¢ _ 3 g T 3
= 54 i 3
2| -3 | | | . .l
_ s | == 1(6-9) cos2nn— 0; - cos 2nm —cos 0
31| 2nm A g &5 , L g’ 1 g
_2f=3 Lyl =
3| 2nm "M
Substituting the values of a,, 4, b” in (i) the required Fourier series is
given by
= _g  .2nmx . 3 20
f(x)= X —3 5 ¢0S "+ T — sin 3
n=1"n s n=1m0

% 27 Obtain the Fourier series for the function

f(x) = Jx—x* in 0<Sx<2

>> Com ave
21=2 or I =1 Bydata f(x) = x(2-x)

f(2-x)=f(2-x) = (2-x)(2-2-x) =(2-x)x =f(x)

paring the given interval (0, 2) with (0, 2[) we h

f(x)iseven in (0, 2)and hence b, = 0

| |
2 20,
(,0=—]-_[f(x)dx, anszf(x) cos (nmx)dx
0 0
1 N | .
a0=2 I (2x-—x2)dx=2 '1_2_5__ =2 1—l -0|l=73
" 3 3 3

/
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=4/3 and (10/2 = W8

Thus @, J:
|
|
a, = J (2x=x7)cos (nmx)dy, Applying Bernoulli's rule, |
0
|
a =2 (zx_xp_)sm(nm')_(z_zx).—cosj(r;nx)
” HTC ”“n“
in (nmx) | |
—sin (nmx
+(-2)- /
713 TC3 L
I -4
= 72,[(2—2\‘)cos(nrt‘vr)]O 2,,[0 2cos0] = -
n-mo n 7|5 n T

The Fourier series of period 2 is given by

oo oo

a
f(x)=—2-Q+ hX a, cos(nmx) + X bnsin(mtx)
n=1 n=1

1 nz‘t

2 _ 2 -
x—3+}j

cos ( nmx )

f(x) =2

& 28. Obtain the Fourier series of the saw-tooth function f(t) = Et/T
for0 <t < T giventhat f(t+T) = f(t) forall t >0

>> We have 2/ = T or [ = T/2 and the associated Fourier series of
period 2/ = Tis given by

a o0 e
] 0 2 [ 2nmt

We compute Fouricr coefficients by Euler's formulae. - l
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T T
1 1 | 2nmut
—_— = — t) cos dt
ay == {f(r)d_r,a” - {f( ) ( - )
. .
1 X 2nmt
= e —— | dt
" — { f(r)sm( T ]
T T
2 Et 2E | 2 E 2
a, Tj i = [2L =1 )
0
: 2 2FE ) 2nmt
2 Et nnt . 2E n
an=—1:j—fcos Tdr—sz cosTdt
0 0
. 2nmt _ ot 2nTt
v, =Zfp—L . L
- 72| (2nn/T) (2nm/T)?
2E 2
=. (cos2nm—cos0) =0 a =0
T2 4n2n2 n
2 E ' 2nmt
nm
bn = 7, T £ t sin T dt
: T
: . 2nmt . 2nmt
-EE_ oS T L sin -
T (2nm/T) (2nm/T)?
T
B -E tcosznm - E (T 5 0 —E
= Ccos T — — R
nw T nnT " ) nm
Thus b" = -E/nn

The required Fourier series is given by

f(e) =
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FOURIER SERIES 235
el

_|2-xin 0£x<4
- 0. If f(x)_{,\—6 in 4 <x<8

Express f(x) asa Fourter series and hence deduce that

O 1
=X —
8 .1 (m-1)

>> Comparing the given interval (0, 8) with (0, 2/) we have
21 = 8 or [ = 4. The Fourier series having period 8 is given by

f(X)=70+ }_Ilancos [HT].+HEIbSIn('z4 J 4

In the given f(x) let ¢ (x) = 2-x, y(x) = x=6
0 (20-x)=¢ (8-x)=2-(8-x)=x-6=Vy(x)

Thus f(x)isevenin (0, 8)andhencebn =0

4 4
2 n
a0=% If(x)dx, 4,= 7 _[f(x)cos (—-—de
0 0 : .
1 4 1 2 1 |
X
a0=-j—f(2—x)dx=5[2x——2— 5[(3 3) -0]=0
0 : ‘
4
a, =2l f (Z—X)cos%dx Applying Bernoulli’s rule,
0 ‘
. nnx nmx
1 (2—x)sm—4——(_ .—cos i
2 (nm/4) - (nn/4 )2
_THS COS‘n'E -8 {cosmt—l}
n 752 4 nznz
_ 8 sl 16 o a s L.
an_'nzng (1"("1) ’—nznz where n =1, 3,5

~ . ‘
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Hence the required Fouricr series is given by

_ ; 16 nmy
J(x) = Lo

n=1,3,8§

To deduce the series we putx = 0 . f(x) = 2-0 = 2 3pg hence g
Fouricr series becomes e

oo 2

16 I Tt l |
2= — X -1 or —=—74+— 41
Kz n=1, 3 5 ”2 8 12 32 52 i
2 -]
Equivalently we have — = X —1—
8 -1 (2n-1)

@ 30. Find the Fourier expansion of the function f(x) defined by

0 in =2 <x< -1
f(x) =32 in -1 <x < 1
0 in l <x <2

>> f(x) isdefinedin (=2, 2) - periodoff(x)=2—(—2)=4
i.e., 2l =4 or | = 2. The Fourier series is given by

a o0

f(,’c)——9+}:,acosf,-jri+).".bsmnmC '
2 n=1 2 n=| 2 -0
The given f(x) can be written as below.
Int:ervalofx (-2,-1) (-1, 0) (0, 1) (1,2)
f(x) 0 2 2 0

ie., f(x)={¢ (x) in (=2, 0)
Vv (x)in (0, 2)

where ¢ (x)=0 0f2 V(x)=2oro. Obviously ¢ (- x) = y(x)

f(x) iscven and consequently b =0

f(x) cos % dx

NIM

2
J,f(x)dX, a ::.g.
0 n )

C'——1|-.)

/
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I -
(10 = J‘ f(\) dy + J /(\) v = j 2dv+0 = [2.\” ](l) =2
" | 0

[.C.
_ o\ L hmx ¢ nmx
a = I f(x) cos B dx + j f(x) cos - dx
0

= f 2(,05-@ dx+0

|
nTmX

sin =~ 4 (nm
= 2 - = —S§In | &
(nn/2) nt 2

Thus the required Fourier scries is given by

4 - 1 , (nm nmx
f(x)=1+— X ;sm(chosz

T p=1
EXERCISES
Find the Fourier series of the following functions over the indicated
intervals ‘
1. f(x)=-l+x; T <X <7
2. f(x)=x;0<x<2m
3. f(x) = nz—xz; — 1 < x < n Deduce that
o1 i
@ p-prEs TR
1111 i3
b S+5+5+2t T
1 2¢ 2¢ ¥
4  fx)=== (nz—xz); —T<X<T
L~y SO SN TR R AT A 7,'1!: ). Deduce that 7 _
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Show that the cosine hall range series for f(.v) = asinx in

12.
(0, 1) i 4a (1 oS 2% cos 4x cos Oy d
, : 7 R 3.5 5.7 and hence
l I | n-2
deduce that - + = - = el
1 -3 3.5 5.7 4
ANSWERS
] 4 1 N7y
1. — 1 =5 Y g} COS T
3 o] n-
8 - | | Nnmyx
2. ]—"Ez:ll—(—l)ycos-—,)—
T &
sin an _u Sin am cos nx
3. Z (_ 1 )”+ I. : 5
am TT l ”".__a"
. 7 T nm
4, =2 { I +cosmt—2cos—,)—} COS NMX
o n =
~16 1 nTx
5. — X — 1+cosmt—2cos—8—
™ | n :
-4 I -8 - [
6. — > — sin nmx 7. — z — sin 2nmx
n=246,... " - T =135,
2 1 4 =1 nm
8. — X — sinny 9. — X —; sin —~ SINAMY
n 2 2 2
T T~ on
4kl ~ 1 . nm JTCX
10. — X — sin =~ Sih ——
2 2 ) [
o n &

¥ 2.8 Harmonic Analysis

So far, we have discussed the methods of obtaining the Fouricr serics of a
known function f(x) in a given interval. However, there will also be
situations where in there will be no known functional expression for f(x)
but only the values at some Lqmdlsl'ml points will be known

Harmonic analysis is the process of finding the constant term and the first
few cosine and sine terms numerically.
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or of a function y = /(x) will be the

1l

The Fourier series of period

o0

o0
< . sinnx, where the po, ..
0 osny + £ boosinny, our,
- R oo = + ): i cos n. n C]'
form f(.x) 5 o " -y
coclficients arc given by
+ 21 (+2ﬂ
« =
] () dy e j f(x) cosnxdy
a}:— _]‘(.\)(i\.(lu . 3
0 1 g
&
c+2n
| TER T
) == f(x) sinxdx. i
n T *

"
a./2 is called the constant term and the groups of terms
( a, cosx+ bl sinx), (a,cos 2x + b2 sin 2x ) etc. are cal]ed the

first harmonics, second harmonics ctc.,

To derive the relevant formulae, we nced the following principle.

The mean value of a continuous function Yy =f(x) in the range
b :

" J fx)dx

a

(a. b) is given by

Suppose we have a set of N values of ¥ = f(x) having period 2w at
cquidistant points of x in the interval ¢ € x < ¢+27 or
€ <X = c+2n [if the values ofyat x =c¢ and y = ¢+ 2 are given
we must omit one of them. Infact ¥ '

f ifact ( ) s =) \ - et by the periodic

property f(x) = f(x+2m)] the Fourlu coeflicients ay, a b,
n n

assume the following form by the above stated pi‘inci[)le.

c+2n Lo

RETE i ff(\)c/\

p
Here a = ¢ b = c42p

| ie., a, = 2 [mean value of Jlx) = y in (¢, C+2m)]
i

If".' ) o or a, =2 **z'). le 2

i 0 N Ty = N Ly
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c+2n
l ¢+ 2n
== j f(x) cosnxdy =2 ! j r(
ne (ct2m)-c ! A ) cos i dx
. ("

2[mean valuc of ycosnx in (¢, ¢+2n)]

_ rycos ny | 2 =
= N Le,a, =y 2 yCos nx

!

or a”

Zysinny

T L g 2 .
Slmllﬂl]y [)” =2 li N J LG [)” — N Z'ysm I78%

Suppose we have a scl of N values of y = f(.x) having period 2/ at
equidistant points of x in the interval ¢ < x < c+2lorc <x<c+2l

. =2 ':Zycos(nn:x/l)J b =2 [Z)'sin (}/\;M‘/I)J.

N

2

; .
a, =7y Tycosnd, b = N X y sin nf.

Note : All these formulae holds good for halfrange Fourier series also.

Working procedure for problems

We have to first write down the period of y = f(x)
od is 2m, depending on the harmonics required

from the given range

of the values of x. If the peri
we prepare the relevant table along with the summations (Z) of y;

Y COS X, ) COS 2X...; , ) SINX, ¥ sin 2x... and compute the harmonics using the

formulae derived by taking n = [, 2, ... Ifthe period is not 2r we
equate it with 2/ to obtain the value of I The summations of y; |

ycos 0, ycos26,.;y sin 0, y sin 20...where 0 = 1/l will be required
to compute the desired harmonics.

WORKED EXAMPLES

erm and the first cosine and sine rerms
ing data.

@ 43. Determine the constant
of the Fourier series expansion of y from the Jollow

—

O | 0 | 45 | 90 | 135 | 180 225 | 270 | 315 |
2 | 1| 3/ |

y 2 3/2 1 1/2 0
to 3600 e, 0 <x< 27 .We have to |

cosx, Y sin Xx.

>“> Here the interval of x is o?
find ay; (a;, b). This requires the summation of y, y
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B Vit e F&‘\\\
v COs v y Cos.x S y Sln \.

0 ] .

'\ 20 | | 20 0 0T

4(-) ;3 07071 | 1.06065 | 0.7071 %

5 E ,

90 1.0 0 0 ') o 1\
135 05 |-07071 |-0.35355 | O 0.35355
™ 0 |- 0 0 0
25 | 05 [-07071 |-0.35355 | -0.707] m

0 -1 -
270 1.0 0
3 5| 07071 | 106065 | ~0.7071 |~ pepes
Totals 8.0 3.4142 ‘JON
2
2 2 o oosrib =L Evsing. M o
a5 =5 Z-\"al =y zy L()b.\,/]l =N Zysinx,N =g

Also from the tablc.

Ly =8.0.Zycosx = 34142, Zvsinx = 0.

2 o o
ao—g(b.()):Q ol ?—]
g o
a, =§(3.4]42)=D‘85335
2
/Jl ='§(0)=0

Thus the Fouricr series of yup to the first harmonic is
Y =a,/2 + a, cos ..vc+bl sin x

ie., y

]

I+ 0.85355 cos x

A Obtain the Fourie

rseries of y up o the second harmonics for the
following valyes.

| 4 90 T35 [ 180 T o 270 | 315 | 360
Y | 40 | 38 [ 22 |3 =150 0 [ 28 | 34

>>  The intervy| of x i

s 0<x<og and
We have to compute ¢

period of y = f(x) is 21
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265
FOURIER SERIES
_’-—-__-_—_- .
/T" ) Cos .\ yCOS X sin.x ysinx
X 4 =
— 15 | 40 07071 | 2.8284 | 07071 | 2.8284
— o0 | 38 0 0 1 38
135 2.4 -0.7071 | - 1.69704 0.7071 [.69704
— g0 | 20 | -1 =i 0 0
225 ~-15 -0.7071 1.06065| = 0.7071 1.06065
270 0 0 R 0
315 2.8 07071 | 1.97988] —0.7071 | - 1.97988
360 34 l 34 0 0
" Tomls | 169 5.57189 7.40621
cos 2x ) €08 2x sin 2x y sin 2x
0 0 | 4.0
-1 -3.8 0 0
0. 0 -1 -24
1 2.0 0 0 |
0 0 1 -1.5
-1 0 0 0
0 0 1 ~28
I 3.4 0 0
Totals 1.6 -2.7
2 ¢ 2 2 oo
ay = ﬁ Ly,a = N T ycosx,b = N Zysiny
2 2 n 2 ey — 8 . 2 — l
a, = ﬁ Zycos2e,h, = N ZT\'sm 2% H/cm N=8.: 5=7

Ty = 169, 5y cosx = 5.57189, Lysinx = 7.40621,
Zycos2x = 1.6, Zysin2y = -2.7
a

1
== = 47225 =
1 (16.9) :

Thus ¢ s

0

' 1
4 = %(5-57189) = 1.393. b, = 7(740621) = 1.8516
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|
by == (~27) = _
ay = % (16) = 04 1= 7 0.675

: : s second h
The Fourier serics of y upto the seco

5 y

armonic is given by
a,/2 + (@ cosx+by sinx)+(aycos2e+b, sinay
0

21125+ (1.393 cosx + 1.8516 sin x )

L, = :
{ y +( 0.4 cos 2x — 0.675 sin 2x )
—
F 45 . Given the following table
5 0 60° | 120° | 180° | 240° m
v 7.9 1.2 3.6 0.5 0.9 m
Obraliﬁ the Fourier series neglecting terms higher than first harmopjcs
L 0y . ;
>> Here the interval of x 1s (OO, 3607) ie, 0 < x < 2m We are
required to find g, 4, bl only.
xo ¥y cos x 'y Ccos x sin x Y sin x
\\
0 79 | 7.9 0 0
60 .72 0.5 3.6 0.866 6.2352
120 3.6 -05 -1.8 0.866 3.1176
180 0.5 -1 -0.5 0 0
240 09 -0.5 -0.45 - 0.866 - 0.7794
300 6.8 0.5 34 - 0.866 —5.8888
Totals 26.9 12.15 2.6846
Here N =6 2 —d
N 3
_ 2 1 4
%=y Ly =3 (269) = 8.9667 i 4.48335
2 1
a, = N Zycosy = 3 (12.15) = 4.05
_2 : 1
b, = N Zysinx = 3 (2.6846) = 0.8949
The Fourier series upto the first harmonic js
Yy =ay/2 + (aI cosx+bl sinx )
o 9 = 448335+ (4.05 cos x + 0.8940 sin x )
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——

@ 46. The turning moment T on the crank shaft nf a steam engine for the
crank angle © is given as follows.

/

8" 0 30 60 90 | 120 | 150 | 180 | 210

T 0 27 | 5.2 7 81 | 83 | 79 | 68
””eo_ 240 270 300 330
T 55 4.1 2.6 1.2
—

Expand T as a Fourier series up to first harmonics.

s> Here the interval of 6 is 0
b,. The corresponding formulae arc

required to find @, a,,

<0 <2r Period of Tis 2m We are

0 =% ET.a =2 $Tcos8,b, == ETsin6. N = 12, = = -
NEDATN N "N
—tgo T cos 0 T cos 8 sin 0 Tsin® |
0 0 1 0 0 0
T30 2.7 0.866 | 23382 | 05 1.35
60 5.2 0.5 26 0866 | 4.5032
90 7.0 o | o 1 70
120 8.1 | -05 —4.05 0.866 | 7.0146
150 83 | -0866 |-7.1878 | 05 XL
180 7.9 -1 -79 0 0
210 6.8 -0.866 | —-5.8888 | -05 -34
240 55 | -05 _275 | -0866 |-4.763
270 4. 0 0 -1 —4.1
300 26 0.5 13 | -0866 |-22516
330 1.2 0.866 10392 | -05 ~06
| Totals 59.4 | —20.4992 8.9032
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a
()
=7 ET = (594)=99 . = = 495
D
1
a4 =+ ST cos = & (-20.4992 )~ 3.4]65
I 7 6 6
L ST sin6 = = (8.9032) = 1.4839

The required Fourier series is given by
T =f(0)= ay/2 + (a[ Cos 9+b[ sin 9)

ie., T = 4,95 -3.4165 cos 0 + 1.4839 sin

F 47, Express v as a Fourier series upto the third harmonics given

X 0 n/3 2n/3 T 4r/3
¥ 1.98 1.30 1.05 .30 | —0.88

>> Here the interval of y is (0 <x<2m) and the v
v =0and x = 2t must be same by the

j'(_r¥2n) = f(x). In the given problem the valu
21 both are given and we must omit one of them. Le

alues of y 4
periodic Property
esof y at x = and

Lus omit the last vajye,
The values of v in degrees are 0, 60, 120, 180, 240, 300 and N = 6,

The relevant table js formulated by considerin
cos 2x, sin2x; cos 3x, sin 3x rounded off ¢
then multiplicd by the values of y.

g the values of cos X, sinyx;
o three places of decimals and

F’ﬁ_—ﬁ_ﬂh—_“—r‘_—_‘—‘—_——
0 Y | ycosx |ycos2y ycos 3x
0

| YSinx | ysin2x |y sin 3
—— 1 198 198 ] 193] 195, 0
60 3] 065 TS iTe

el -0.65 | - 13 [.1258 [.1258
120 1.05 -0.525

~0.525] 105 | 0.9093 | _ 0.9093

O—
0
0

| -0525] 105 0
180 13|13 13 |13 o 0 0
240 | -0.88] 044 | o044 [ _ 0
0

_—_.___/
0

“3_06____62_5_———_—___\—:—9& 0.76208 - 0.76208
— U — 2
— 172 0125 02502165 | o163

Totals| 4.3  _ 0.32908|
otals| 4 12| 267] 5 3.01368 _ (32908
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-.- 25 | a
d =N Z) =§(4.5)= 1.5 - %:()_75.
2 1
a, = = Zycosxy = — =
1 TN~ 3 (1.12) = 0.3733
2 |
a, = Lycos2xy = T (2.67) = 0.89
_ 2 l
ay = N Zyveos 3y = 3 (-0.2) = -0.0657
B = 2 e I
=N Zysiny = 3 (3.01368) = 1.00456
o= 2w 1 |
7 =y &ysi 2% = 3 (-0.32908) = -0.1097 .
2 :
IJ3=WE_\'SIH3,\' =%(O)=O
Fourier series up to third harmonics is given by
y = aO/Z + (a1 cos v+ bI sinx )+ (a,cos 2,1"+b7 sin 2x)
+(aycos 3x+ b,% sin 3x)
ie, y = 075+ (0.3733 cos x + 1.00456 sin x')
+ ( 0.89 cos 2x — 0.1097 sin 2x ) + (— 0.0667 cos 3x)
& 48. Find the Fourier series to represent y (.x) upto the second
harmonic from the follwing data :
W30 | 60 | 90 120 | 150 | 180 | 210 | 240 | 270 | 300 | 330 | 360
v [2.34[3.01]3.68|4.15]3.69|2.20 0.83]0.51{0.88[1.09| 1.19 | [.64

>> The period of y(x) is 2n = 360° and the Fourier series upto the

second harmonic is given by

y(x) =
where a, = %
2

bl =N

and we prepare the following table

Zy,

Tysinx, b, =

= |

2
N

2
Yycosx, a, = N Z Yy cos 2x

(10/2 + a, cos X + a1, CO8 2%+ b1 sin x + b, sin 2x

T ysin2x ; HereN = 12 and
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AT
270 CS‘"I
—T—_\"in v Kl—ﬁ\' Y COS.Y [V COoS 2¢ Y siny \\
0 v | cos.x|cos 2yf s, — ) Siny,
X ~ N [l \
7 05 | 05 | 08720358 117 | [ S
30 | 2.34 | 087 | 0. : 7 | 200y
3 8 1.505 | = 1.505 | 2.6 ‘
60 | 301 ] 0.5 |-0.5]087 (087 <0187 2615
T | 0 0 -3.68 | 368 | T
90 [ 368 0 | -1 ______\\0
] = -2 )
120 | 4.15 [ 0.5 [-0.5 | 087 |-0.87] - 2.075 071&%,@05

150 | 3.69 [~0.87| 0.5 | 0.5 [-0.87]-3.2103) 1.845 | 1845 [ o
180 (220 -1 | 1 | 0 | 0 | -22 ] 22 0
210 | 083 [-0.87| 0.5 |-0.5] 087 1-0.7221) 0415 |- 04)5]{ (7
240 | 051 | -05|-05|-0.87] 0.87 |-0.255| -0.255 |-0.4437 04437
270 {088 | 0 [ -1 | -1 ] 0 | 0 |-088|-083] o
300 | 1.09 | 0.5 |05 |-087|-087] 0.545 | —0.545 |- 09483 v

~0.9483
330 | 1.19 | 087 | 0.5 |-0.5|-0.87| 1.0353 | 0.595 |- 595 ~ 10353
360 | 1.64 | 1 1 0| 0 | 164 | 1.64 0 | o
Totals | 25.21 - 1.7013] - 1.075 [ 9.6422 |~y 0071
25.21 dy
ey i — P _—_ =
ay = == =4.2017, 5 2.1
-1.7013 -1.075
alz—_—6—=—0.28, ‘ 612= 6 :—0.18
9. 6422 —2.984]
b, = ¢ =1.6l, b, = e =-0.5
Thus the

required Fourier serics upto the second har‘monic is given by
y(x)= 2. 1+(-0.28cosx+1.61 sinx)

+(=0.18 cos 2x— 0. 5 sin 2x)

" 49.  Compute the first two harmonics

of the Fourier series of f(x)
given the Jollowing table

dn/3 | Sn/3 n

flx) | 10 . . n 1.5 12 | 10

>> We have values of f(x) =
omit the last value f( 25 ) =
for computing the firg two ha

Y in the interval 0 < x < 27 and hence

1.0 which is same asf( 0 ). The relevant table
rmonics is as folows.

|
{
{
i
1
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I *\
| Y| €OSXJCOS 2X] SIv | Sin 26 | v eos x|y cog 2y Ysinx (v sin2e
0 1 ! 1 0 0 1 | T“T
60 | 1.4 | 0.5 [-0.5]0.866 | 0.866 | 0.7 -07 | 1.2124 | 12124
120 | 19 [-05][-05] 0866 [-0.866| - 0.95 =-0.95 [ 1.0454 _—|(\45:
95 | 1.6454 |- | g45.
180 | 1.7 | -1 | 1 0 0 | -17] 17 0 0
240 | 1.5 |-0.5]-0.5]-0.866] 0866 | -0.75 | —0.75 | 1.299 | | 299
300 | 1.2 | 05 |-0.5|-0.866[-0.866] 0.6 | -0.6 |-1.0392]- ] 0392
Totals -1 =03 31176 |- 0.1732
2
a =y 2, Teosix = %(— 1.1)=-0.367
2
azzﬁz)'COS.?.IZ%(—O.:;):—O.l T
[)—QZ'sin\'—Z31]76 =1.03
LT N ) X = 6( . ) = 1.0392
2 : 2
b2 A .ﬁ Z _ysm2.\' = 6—(—0 1732) = —00577

The first two harmonics are

(a cos x+ b, sinx) and (a,cos 2x+[)2 sin 2x). Thatis

(-0.367cosx+1.0392sinx) and (-0.1cos2x—0.0577sin2x)

@ 50. Obtain the constant term and the coefficients of the first cosine and
sine terms in the Fourier expansion of y from the table

X

0

1

2

3

4

5

y

9

18

24

28

26

20

>> Thevaluesat0, 1,2,3,4,5are given (N = 6) and hence the interval

of xshouldbe 0 € x < 6

ie, (0, 6)

length of the interval is 6—0 = 6. Comparing with 2/ we have

2l = 6. .

| = 3. The Fourier series of period 2/ is

CJO

}‘=f(x)=?+ z

(==}

n=1

oo

nnx

a, cos—— + b bn sSin

n=

. NnX

pe—

1

Since | = 3, the serics containing the first harmonics is
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) B -. E\
¥ )= _2‘1 +aycos 3 + b, sin 3
o .
. ) - . SN -
Writing 2 . Oy = —2(- + a, cos 0 + bl smo; N =g 2 <l
3 N 3
[« 0 =mv/3 v cos® | ycosH [ _Sin@ | m
0 0 9 1 O | o __[-ne
1 60° 18 0.5 9 0.866 \‘1338\8
——\ 4
2 120° 24105 [-12 &2\07&1
3 HOO 28 — ] - 28 0 \U\\
¢ \_—‘\
4 [ g0 26 1-05 |-13 [ -08eq }5]6
] .
5 3000 20 | 05 10 | —0.866 By
= _ —‘——%_\ .
Total . 125 : -25 \4\‘@4
=23 == (125) = 4].67 39=7083:,-
aq =+ L) =3 b ) 20.835
2 L
(1,=NZ‘)LOSG =?(—_5)~—8333

2 5 sine o1 - _
!)lzﬁE)smO —3(—3.464)~ l.ISS_

Constant term = 00/2 = 20.835

Coefficient of the first cosine term = a, = -8.333
-
CocefTicient of the first sine term = l)] = - 1.155

" 51. Express Yyasa Fourier se
Jollowing valyes,

res up to the third harmonics given the

Fourier serjeg up to the thirg harmonics i

J
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d -

0 - T\ . Ty 2
— + | d,cos— M — > 4]

3 ({ILOS / + l)lhln / )-{- (({2(,()57_ + [)’)Sin.z_;r{.]

v =

3y . 3mx
+ ((13 (.Ob_,— + I)3 SII]T] Herel = 3

a . A
0 L) L 2mx 2mx
\ = 7 +[(IILOS 3 + bl SIII?J‘F((IQC()S—3‘—+ bzsmT']

_3nx b. i Inx
+]azcos—=+ 38in ==
Pulting mx/3 = 6

oy = ao/2 + (a, cose+b| sin )+ (a, cos 20 + b, sin 26 )

)

+(ayc08 30+ b, sin 30)

x 6 = m/3 y ycosB® | ycos20 | veos30
0 4 4 4 4
[ 60° 8 4 —4 P

2 120" 5 -15 ~15 5

3 180° 7 -7 7 -7

4 240" 6 -3 -3 6

5 300 2 l — | -2

Total 42 -85 -45 8
ysin© ysin20. y sin 38
0 0 0
6.928 6.928 0
12.99 -12.99 0
0 0 0
- -5.196 | : 5.196 0
- 1.732 S =1732 0
S 12.99 —2.598 0
4 =% X =3 (42)=14 329=7
2 ] .
_al_=‘N§Z)'cos8 =§(—85)=—2.833
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- I 0) = 4.33
= =(1299)
I =-1.5
__2-}:\10529:'{("4'5)
dh = N ’
l = —0.866
. o0 = = (2598 )
[’2=7‘\27Z"‘szg = 3(
1 = 2.667
a, =%Z_\'c0538 =g (8)
2 . _1 0)=0
b3_—;;}-2.\'sm39—3( )

Hence the required Fourier serics upto the third harmonics is
: - s
y = 7-2.833 cos 7~ + 4.33 sin 3 |
2mx
2 - 0.866 sin( —3—) + 2.667 cosmx

-1.5 cosT -

constant term and the first three coefficients in the

@ 52. Obtain the
the following table

Fourier cosine series for ¥ using

2

B

4

5

X

4

R

15

7

6

2

y

>> Here the interval of x is (0, 6) fe, 0 < x < 6 and since the
coefficients of the Fourier cosine series are to be found we have to conclude

that it should be the cosine half range Fourier series of y = f(x) in
(0, 6). Comparing with half the range (0, /) we get [ = 6 and the

a s
NN

Fourier cosine series is of the form y = 70 + X a cos
- n [
|

+ a3 cos [3—612]-*-

Putting mx/6 = 6 (h :
= e Fourier serj : ;
i ICr series upto third harmonics assumes the

()

y = (10/2 + a, cos 0 + a, cos 20 + a, cos 30

Af
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N\

s . Y (ere
we have o compule (:0/._ (cosnmant term), a

dy dy, by the formulace

2 2
a =% Iy, a =V T veos0, 4y == % ycos20

=0

2
a. = ﬁ Lycos30. Here N = 6 1

=

The relevant table is as follows :

z 9 ¥ cos B |cos 20]|cos 30 yeos0 | ycos20 |y cosg
(0 | 0| 4 I l I 4 4 4

I 300 | 8 0.866| 05 0 6928 | 4 0
T 60° | 15 05 | -05] -1 7.5 -75 | =15

3 0o 7] 0O |- 0| 0 -7 0
T4 [0 6 |-05 | -05] 1 [-3 -3 6

5 (1500 2 | -0866] 05 0 |-1.732 1 0
3. 42 13.696 — 8.5 —5

From the table £y =42 , Zycos6 = 13.696 , Zycos20 = -85,
Yycos30 = -5

I 4 | _
a, =3 (42) = 14 .. 5 ="k a, = 3-(13.696) = 4.565
|
a, = % (-85) = 2833 a, = 3 (=5) = = 1667

The required values a /2, a, a,, a4y arc respectively

7, 4565, —2.833 and - 1.667

T 53, Obtain the constant terin and the coefficients of sin® and
Sin2 0 in the Fourier expansion of y given the data as below.

g 0 60 120 180 | 240 | 300 | 360

y 0 | 92 | 144 | 178 | 173 | 11| 0 |

>> Here the interval of  is (0, 360°) ie,0 <8 <2n and the
Value of y a1 = 0 and O = 2m must be the same by the periodic
Property £ 0+2n) = f( 0 ). When the valucs arc given both at 6=0
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W cd ‘lu
————_/—"__”_—-. a c l]C‘ ‘
0 = 2% must omit one ol them. _ l.n meUle
e ’ ) Le ] ‘ b and sin 20 1e., /)2 n the F()un ) " mmi‘ th
b BT . ll'l n’-('-. I i ‘ )nn
coclticient ol s C ( r

v. using the formulac

5 . h. = 2 ¥y sin 26, where N = 6 by OMitlin,
b =5 I ysin@. by, ="y & &
| N

l‘- .l \ S IUL. hC IL[LVJHI [l] ]L S llh I . Q

T ——

v sin © sin 20 ysin g FTZG

0 : : o
: 0 0 0 O T
: 866 0.866 7.9672 *9
60 9.2 0.800 \672
.170 14.4 0.866 | —0.866 12.4704| _ 12.470;
180 178 | o0 0 i\l
240 17.3 - 0.866 0.800 | — 14088 14,984
300 11.7 - 0.866 - 0.866 = 10.1322 ;lw
I —4.6764 0.3464
Tota J | | 034

Thus we have

S
]

(-4.6764) = — 1.5588

N oo

(0.3464) = 0.1155

C 54 The following valyes of yand x are given. Find the Fourier series

of Y upto second harionics,

10 12
220 | 90

>>- The values of
Xis (0, 12) ie. 0 <x
¥ =12 inthe process of cajey

are same. Hence the interval of
. " v for
and we shall omit the value of v o

Yalx = (0 and y = 12
<

12

lation,
The Fouricr serjcq of period 97 j¢ given by
a, = Y
N = § = - . n v 1 diLS
y=7(x) 2 T L oa cog MY L b sin —
no= i " [ " [
= n=|
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FOURIER SERIES

277

ekt
putting [ = 0.

a
.\,:j(_\'):—z"'!‘ UICO‘\?

HE (aq cos

putting 8 = /6 we have

21X

6

Y + . Ty
b, sin—
| §
p 21y

+ b2 sin o

the Fourier series up o the second harmonices is

v = 00/2 + (aI c059+b| sin 9)+(a2 Cos 28+l)2 sin 20 ).

’Tp ¥ 8% = y/6| cos® | ycos® | cos20 |ycos28
0 | 90 0 1 9 1 9.0
2 18.2 60 0.5 9.1 | =05 =01
4 | 244 120 |-05 |-122 |-05 |-122
6 27.8 180 | -1 _278 | I 278
g | 275 240 | 05 |-1375|-05 |-1375
10 20 | 300 0.5 o |-05 |-110
 Towl | 128.9 24,65 ~9.25
sin 8 v sin © sin 20 v sin 20
0 0 0 0
0.866 157612 0.866 15.7612
0.866 21.1304 ~0.866 _21.1304
0 0 0 0
0. 866 ~23.815 0.866 23815
- 0.866 ~19.052 ~0.866 - 19.052
- ~5.9754 —0.6062

The required Fourier series up to the sccond harmonics is given by
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)
4]
i =2 (1289) = 42,967 . 0 _
a, = ‘T\T =) G 2 - 2"48]5
2 -
0 = T SyeosB =7 (-24.65) = -8217
t"
2 ¢ os20 = 2 (—9.25) = —3.083
H1 _— —{f- A_'\'LU.\ & - (’
- /
2 oo 2 (Z59754) = - 1.9913
IJI:T\TZ_\'SII](‘) =6("-- - teay
2 : 2 2) = —0.202
b, = —"\—/ Tysin20 = 6 (—-0.6062) = —0.202
- /

g = o) 8 o ( . Ty
y=f(x)= 21.483:f —8.217 cos e 1.9918 sin TS_J

+ [~3.083 cos % ~ 0.202 sinT—;’E]

— &
755, The following data gives the variations of a periodic currens over
a period.

rsees |0 [ rr6 [ T3] Ti2 [ 2773 [ sTi6 ] 7
| A amps | 9.0 18.2 244 27.8 275 22.0 9.0

Find numerically the direct current part of the variable current and obtain
the amplitudes 1o the second harmonic.

>> We observe that the values of A a1 =0 and = T are the same.
Hence we shall omit the last value. We convert A = f (1) to the period
2r by putting 6 = 2n(1/T) s0 that we have § = f) when 1= 0 and
U =2n when 1 =T The corresponding values of 9 are respectively
0 60°% 120° 180°, 240°, 300°. 360°,

The Fourier series -
OUEICT series uplo the secon harmonics is represented by

A= (3 Sy .
1= qy/2 + (a LU.\G—F-/)I SINO ) + (a,cos20+h,sin20)
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We¢ prepare the relevant table considering the values of

A and 6 in 0= 0 < 2n.
Since the data is same as in Example - 54 the Fourier serics is given by

A=/f(0)=21.4835+(-8.217cos0-1.9918sin0)

+(=3.083¢0s20-0.202s5in20)

The direct current part of the variable current is the constant term in the
Fourier scries being 21.4835

" . . i 7 -
Amplitude of the first harmonic = Na; +bI = 8.455

Va +b

Ampl:mde of the second harmonic = =3.09

EXERCISES

I. Analyse the following data harmonically upto the second harmonic.

0 0 30 60 90 120 | 150 | 180
y 134 | 444 | 326 | 106 | 94 144 | 66
QO | 210 | 240 | 270 | 300 | 330
Yy | —44 | =126 | =306 | -494 | - 344

2. Delermine the first two harmonics in the Fourier series of y given the

data

o

/3

2n/3

4n/3

V

e

0.8

0.6

0.4

0.7

0.9
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