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UNIT-1 Graph Theory :

Directed graph (Digraph)' collection of IV
,
E)

, where V is

The non empty set and E is the set of edges which

contains ordered pairs of elements of V

Eg :
VI

LJ

> v3

Note : If V
, U2 is an edge then I is initial verson and

V2 is final verten

In degree and out degree
let G be a directed graph and v be the verten number

of edges coming to v is called in degree of vlidiul or d-Irl)
The no of edges going out from v is called out degree of V

odv (v) or dtir
VI VI

⑳ 2 14

W
7

M

T S
T g < :ve

V2
· S · V3 u2

[ vz

id (vi) = 1

dis idid(v2) = 1

id (vi) = 1

sum = 3 id (vi) = 3 odIvood(vi) = od(vi) = 3
6

od(ve) = 1 od(ve) = 1 3·d(vz) = 1 odlvs) = 2

) sum =3 od (V4) = 0

1 the sum of the in-degree and out-degree is equal to the

no of edges



# Properties
① sum of indegrees of vertices and sum of out-degrees

of vertices is equal to the no · of edges

LetG be the digraph with vi
,
i =1 .....n vertices then

h

idvil = odvil = no of edgeo

Eg :

VI

&
V2

id(vi) = od (vi) = 2

[ id(ve) = 1 odIva) = 2

V id(vs) = 1 od (v3) =
1

id (VR) = 7 od(V4) = 0

Vz [ v4

2id(v) =5 zod(n) =5 : It

# Graph
Is a pair (V,E) where V is a non-empty set and

E is set of unordered pair of elements taken from the

get v

VI

Eg
: ⑧ 2/

·
v2

25
21 = Vive = ver,

22
Vz

· VJ
24
· 23

VI

Null graph : A graph G is said to be Null graph if IEl-p
no of edges cardinalityas

Eg
:

no .
v2

v=Su
,

V2
,

ve
,

U4
,
veY

v4
o

V3 E = 0

⑥

V5



no of vertice

> Trivial Graph :
2

A null graph is said to be a trivial graph if (vl =1

eg
: ·v

Finite Graph :

A graph G is said to be finite graph if it contains

finite number of vertices and edges

# Order and size

Number of vertices in the graph G is called order of
G.

Number of edges in G called size of G

denoted by 1v1 = #(v)
> denoted by IE1 = # (E)

Ex : IVl = 3

%.. vz
IE1 = 4

· Vz

'
parallel edges

: Two edges are said to 1 if they have same

end points
e2

Eg :
Yo

el
· r2

e, and2 are parallel

>
parallel vertices : Two vertices are said to be 11 if they have

an edge blu them.



>
Multiple edges : Two or more edges are said to be

multiple edges if they have the same end vertices

.

vi

Ve a · V3

I between v andvo zedges

# Simple graph
: is said to be a simple graph if it

does not contain loops and multiple edges.

V2 VI

Eg
:

V2 V3

VI

v3
V4 Not simple graph

Simple Graph
-> Incidence : When a v of a graph .

G is an end vertel

of an edge of the graph G , we say that e is

incident tolor only

> Adjacent edges
: Two non-parallel edges are said to be

adjacent it those two edges incident to same verten V.

VI
&

el

V2 .

22
. vs

e , & 22 are adjacent

>
complete graph : A simple graph of order 12 is said to be

a complete graph if there is an edge blu
every pair of



of vertices (k) & only one edge blu every
pair of vertices 3

Eg
: v2

.
us

ro
·V V VR

1 By partite graph : Let G be the simple graph with the vertex set

V is the union of two mutually disjoint subsets vI andve such

that each edge in G has one end verten in 11 and other end

Vertex v2

VI v2

Eg "

V6 V3
v= Su1

, ve , va ,4
,
15 ,

ro Y VI V2

vi : SV
, us

, v5 3 v3 UK
v4

V5 ve = S ve ve vo 3 V5 V6

v = v, UV2

·

vi
·

v2

> Not bipartite

V4 o
V3

v = Ev .
. . . ...

3 ve : Eve
..... 3

US is neither in V, or ve hence it is not

bipartite graph

vi
- v2

vi v2

v3 14 Not a bipartite graph
v4

G · V4
Vs

Since there is an edge between Us and v4 and vs to ve

: vs should be in either V, or Ve hence it is not a

bipartite graph .



Complete Biparted graph
A biparted graph is said to be complete biparted

graph if there is an edge between every verex vI and

every verten he

↓ /ris) VI V2
V · V2

VI V2

V3 · v4 v3V4

Property 2 : If G is a simple graph then P. T c/E)/2 times

the fizel - IVK2-IVl

order

Since G is a simple graph ,
man number of eges is number

of pairs of vertices in G .

m /2 - 2 !

↓ n/n-i!

#-2) ! 2 !

m nin-1) -> Im = n/nyl
2 2m >n2-n

If G is complete graph with n vertices then 2 E =12-Ir

2m = n
=
-n

Note : A complete partite graph is denoted by GIV, Ve. E)

or Kr.S

If G is a complete bipartite /Kr,
s)

then al Number of vertices in G are vs

b) Number of edges is G are us



# Degree of Vertex :

LerG be the graph and V is any verten in G then the

degree of v is the number of vertices incident to 4.

E degree of v2
=3

·

vi
>

degree of vi = 1

K-Regular Graph
A graph is said to be K-regular graph it degrees of each

verten is K . Ne denote K-regular graph with n-vertices.

K-hypercube
:

A loop freeh regular with 21 vertices is called K-dim

hypercube and denoted by QK.

Eg : ID <1 degree Q

⑧ ⑳

> 2) > 2degree De

& &

· &

& &

·

3D 33 degree On

·

# Handshaking property :

Leto be the graph andVi
,

i= 1
, 2 ......n are vertices of G,

then sum of degree of vi.degivi : L

· .
"no of vertices

=2 · sum of degrees
- 2

degree of each verten
=1

-
2X no of edges

no of edge-



# Theorem 1

For
any graph G , the no of odd degree of vertices is

even

proof : LetG be the graph with u
, ve ...... In are odd

degree vertices.

UKH
,

UK+ 2 .. - · In are even degree vertices

, deg(vi) = deg (vi)+delist

By handshaking property deg (vi) is even-since deg
(ra+i (

i= 1
, 2 . . . - - is even

, thereforedeglvit is ena

A

Fence[deglvi) is even and deglvil is odd for it,...

K

Hence number of vertices with odd degree is always even

Theorem 2 : > no of vertices

Let G be the complete graph with Ir = n and IE1 = m

then 1m n2. L

no of edges
Since G is a bipartite graph ,

v = U, VV2

where Irl = r and Ive = s
,

u+s =n

S = n=r k(r
, s)

W . K-T Arithmetic I graphical in a complete bipartite
mean mean graph

-> no of edges

vil + Irel =M Irs =m)
2

r+S & in
2



M
↓ m1n2

For a graph G what is the largest possible value of cardinality
V if IE1 = 19 and degree of each verten 24.

IE) = 19 deg (vi) 14

IVI =?

W . K.T deg (vi)
= CIE > from handshaking property of

Given that deglvi) ? 4 for each i = 1
......, n

N

then deg (vi) 1 In IV) = n

2 IF1 In

2x19 24

9 .S In largest integer n is rEg

2) For a graph with n vertices and m edges it S is min and I is

the man of degrees of the vertices then S .T81 2m 14
n

8 "lower case delta
>

upper case delta

any Let Vi
, V ...... In are vertices of G

given deglvil18 [deglvit Ind
deg (vi) -D -> [deg (vi) In

V

no Z deglvil I was

By handshaking property
n 8 = 2m nX

8 =2



3 : S . T k-dim hypercube On has k2
*-

edges. No of vertice : 2k

degree at each verten = k . [dig(vi) 21

QK has2k vertices and each verten has degreek

: [dig(vi) = 2 * K

By handshaking property
&dig(vi)

= 2/E

2kk = 2/E)

IE1 = kek -1

4. What is the dim of hypercube with 524288 edges ?

IE1 = 524288

h = ?
&

2 15242881
=219

= 24
. 215

=

16 . 215

k
=

16

5

. Let G be a graph of order a such that each verten has

degree 5 or 6.

P . T atleast 5 vertices have degree 6 or atleast - vertices

have degree 5

Ler G be a order of 9

Let there beP vertices of deg 5 and a vertices of g-p vertices

o deg of 6 sum of deg of vertices is

[deg (vi) = 5p +09
= 5p
=

5p + 54 -6p
=

54 -

p

By handshaking property 54-p is even.

10pEg or 01q(q)



: P = 0
,

2
,

4
,

6 , 8

P Q

O 9 In all possible combination

2 7 we have either 975or 26

4 5

6 3

8 I

6. S . T there is no graph with 18 edges and 12 vertice

in the following cases.

i) the degree of verten is either s or 4

ii) The degree of a verton is either 3 or 0.

Let p be vertices with deg 3

then q
=

1-p is vertices of deg 4.

3 p +4q =
3p + 4/12 - p) = 3p + 48 - 4p

[dig(vi) - 2/E = 2

48 -p72

48 -p -56

p
= -8 since o p 112

: There is no such graph

in 3p + 69

3p+ -(12 -p) = 2(28)

3p + 72 - 6p256
72 - 5 256

72 - 56 =

3p

p = 1613 = 5.3

7) Is there a simple graph with 1
,

1 ,
3

, 3 ,
3

,
4

, 6 ,
7 as the

degree of its vertices



Let VI
,

Ve
,

Us , Ut , V5 ,
Vo

,
17 , is be the vertices of the graph

G and dlul = 1 divel = 1 divs) = 3...
. - - - d/V8) = 7

Since divs-7
,

v8 should connect with 7 vertices

Since divl = divel :1 It should connect with one degree
and one of them being V8

v and v2 shouldn't connect with any other vertices other

than V8.

Now 17 can connect with V3
, 14,

15 , vs but dirt =0 "This is

contradiction and such a graph is not possible.

8 Let D be a diverted graph with h vertices. If the underlying
graph of D is kn P.TCod(v)]2 = CidIU]2

[od(v)] 2 - Lidiuly 2

= (od(v) + id(r))(odiv) - id(r))
VEL

since underlying graph is kn
, for any Verdirl = n ->

d(v) = id(v) +od(v) = n- 1

2 lodius ? - Zlidiv))= In-1) lodiv) - idIrl)
= In-11Zodiv) -id

= n - 1x6

Zlodiv12 =Zid(ik
/

# Isomorphism :

two graphs G : /T
,

E) and G'IV, 'E'l are said to be

isomorphic to each other it for every fir <v"s.+

Ii) + is one-one

ii) U ,
UET if IV

, u) is an edge in E then IfIr) , full to be an

edge in E!



Note : Suppose G and G' are isomorphic to each other then

i) order of G and G' is same

ii) size of G and G is same

iii) Number of vertices of degree k in G and G' should be same.

Ex1. Verify that the given graphs are isomorphic or not

·

V5 v4v2

·

uz
G



# Path and Cycle
Path : A trail with no verten repeated is called

path

Cycle :A circuit with no verten except end
verten is called cycle

En 1) For the following graph ,
indicate the nature

of the following walks

is Vie , Veez Usez V2 open walk butnot trial

ii) V4ezVe, Vee2vges VeeV5 /open walk & trial

iii) Vie, Kee V3e3 Vee4v5 I open walk I path
iv) wel vecauses veet vi > cycle
1) Vesureevez vsezree, viet resto

> circuit but not cycle.

2 Find all paths from a verten A to R and also
indicate their lengths.

A 21 B

22 es er

e52 · R

-> Ac, BeR > length is 2
-
terpes Ges Bax R > length is 4

-> AclBespeR -> length is 3
-> A32 Pet QegR- length is 3



# Distance

1 Let A and I be two vertices of G then shortest path
blu A and B is called distance

E3) Determine number of different paths of length 2 in

the graph G

Y V2

Us V

U4 Vj

soln : Number of paths passing the vertex u of
lengths 2 are

Vi > 32 = 3

V2 > 322 = 3

V3 < 42 =

6

V4 > 3Cy =
3

v5 > 3 = 3

v6 - 22 = 1

19

en4) Find all the cycles in G

B
A C

22

24
25

e es

R
Pes Q



soln :

PeBe e

Begee
# Connected Graph

-> A graph G is said to be connected if there exists

a path blu every pair of distinct vertices.

Otherwise the graph is disconnected

V2 Y v2 V

egz) v 2) ⑤

connected L
24 Idisconnec

a

graph
v3

V
v4
Vi

# Component
-> The subgraph G is said to be component ofG
if it satisfies the following

i) G , is connected
ii) If be is connected subgraph of G and G is

subgraph of G2 then E1-G2

Note :

Number of components in the graph in G is
denoted byG

Kappa



#Theorem1

If a graph has exactly two vertices of odd degree,
them there must be a path connecting these

vertices

proof : Let" and 12 be two vertices of odd degree .
Assume

there is no path blw v and2. This implies the

graph G is disconnected i.e the graph G contains

atleast two components say H, and He

Now Viet or H2

VeEHe or Hi

H1 2 Hz are connected graphs containing one verten of
odd degree . This contradicts that connected graph
contains even number of vertices of odd degree.
Therefore there is a path blu v and v2

# Theorem 2 :

A simple graph with n vertices andK components can

have atmost +In-1)(n-k+ 1) number of edges.
2

soln; Given G is simple graph with IG = n

Let hi be the number of vertices in it component

Do + 12t......- My = H

In -1) Hne- 1)+..... + (nx -1+ k = n

In . -1) + Inc - 1)+..
..

+ (nk - 1) = nk

sq on both sides

(n--) +(nc-1)F
...... -

+ (nx - 1)+ z2(ni= 1)(nj -1)
itj
= (n-k)2

PTO-



=> In-1)2+ In2-12+.... - - Tink-1) -(n-1)2
nic+ ne+.. ---- - +-2 In+2 +... -

-
+nk) +k(n-k)2

*

Eni-2n + + n
+
+2 -zak

nin22a-2nk > 1

Man number of edges in ith component is :

↓ n; (ni-1)

Let N be the man number of edges in the graph &

then

N=niti

=nin
=[In

N= [n2+2n
- 2nx + x2 - k -n]

- (n2 +n
-zak + x2 -k]

↳ [n2 -2nk + 12 +u -k]
- [(a-

"
+n-x]

-- (n-k)(n = k + 1)



# Theorem 3

A connected graph with n vertices has at least

n-1 edges.

# Theorem 4

If G is a simple graph with n vertices and in

which the degree of every vertex is at leastA
2

then prove that G is a connected graph

proof : Given G is simple graph and1G) = n veg , deg (1)I
E
2

Assume that G is not connected. G may contain two

components say He withK vertices and link with

n-k vertices

i)For any vertex v in the man degree is K-1

↓ -1
2

k +

k22
ii) For any vertex v in tin-k man degree of u in n-K-1

17 n-k+11
- kI-n +1

2

=> n-l-2n +2=
2

k



ButWKTthis contradicts 2 & 3

: G is connected

# Theorem 5

Prove that connected graph G is remains connected

after removing an edge e from Giff e is a part of
some cycle G.

proof : Assume that e is a part of some cycled in G

by removinge from C the G is still connected

·

&

&

·

Suppose e is not a part of cycle in G then end

vertices ofe must have at most one path if we

removee then the graph G is disconnected

# Theorem 6

Let G be a disconnected graph of even order
- n with two components each of which isrul- complete. Prove that I has a minimum of

nin-2)/4 edge.

proof : Let H1 and He be two components of G . Let a be

number of vertices in th then -n be the

number of vertices inHe



Since H1 andHe are complete graph number of

edges in t areul , number of edges in

2 are (n-u) (n-x-11.
2

Let m be the number edge in G then m=+

+ (n -x)(n-x- 1)
2

m = n2 x + n2 -2nx -n+x +x2

2

Diff 1 : r-+ x

u = z(2x
-1-2n +2xx)

= (4x
-2n)

= 2x

C. p is m=/
2

=
Sinced'm 20

,
C.P is point minimum

da 2

min(m)
=

min (m) =()
+
(n )(n -

E
- =)

2

=)



min(m) = ( - 1)
= An

#ulercircuit and Euler trial

-> A circuit in connected graph is Euler circuit if
that contains all the edges of 7.

->
If there is a trial in a connected graph G
that contains all edges ofG then it is called

Eulers trial

-> A connected graph that contains Fuler's circuit
is called Euler's graph

-> A connected graph that contains Euler's trial
is called Semi-Euler's graph

Euler circuit and Euler trial

P S

Euler graph
7

el 23

25

Q T

2f R26

H



# Tree

A graph G is said to be free if it is connected
and has no cycle. &

examples :↓
&

&

⑧

&
·

(a)
&

&

&

·

· (b) &

⑧ ·

(c)

g

# Illustration

&

a) *

⑧

① ⑧

Note :

1) In the first graph a
, containing cycle whereas second

is not connected

2) Each component of the second graph is a tree
,

such a

graph is called a "Forest"

Theorem 1 :

In a tree there is one and only pair blu every
Pair of vertices.

Theorem 2 :

If any graph G there is one andonly pair blw

every pair of vertices then G is a tree

Theorem 3 :

A tree with a vertices has n-1 edges



Nove
7 A pendant verten of a tree is also called a leaf

# Spanning trees

Let G be a connected graph ,
a sub-graph T

of G is called a spanning of G if
i) T is a tree

ii) T contains all vertices of
iii) The edges of a spanning tree are called its branches

Find all the spanning tree of the graph given
below : -

&

·...

⑧ · ⑳ &

G

ii)
· &

iii)
· &

⑳ g & *

⑧ 6

iv)

⑨ &



Minimal Spanning Tree

LetG be a graph and suppose there is a the

real number associated with each edge ofa then

G is called weighted graph

A spanning tree whose weight is the least is called

a minimal spanning tree (this tree is not unique)

# Kruskal's Algorithm for Minimal spanning tree

Q. UsingKA find a minimal spanning tree of the

following weighted graphs
tree

·
B

·

A
. · 7 3 6

· B

7

·
T

3· I I
&

3

↳
R 1

5
· R

·

Q
Pa

Total weight : 24

Edges AB BQ QR RC CP Ap BP

weight 6 Lo 3376 5

select - X vvvx-



2) ! 10
⑧

B

8 10
Il

· Q 9 · C

12 7

5
Po

7 R

10
& &

Total weight
8

& ·
C

= 37

7

5
& &

=

Edges AB BC BR RC AQ OR PR PQ BQ

weight 10 10 I 5 11 77 12 8

selected - X xvxvv X
-

Q. A
,

B
,

C
,

D
,
E

,
F , E

,
H are required to be connected......

are summarized in the following table.

Track bluLost
A and B 155

A and D 145

A and G 120

B and C 145
cand D 150

C and E 95

D and F 100

E and F 150

F and G 140

F and I 150
G and H



Determine a railway network of minimal cost that connects

all the cities

A
·

B

120
145 145↳ G P

.

150
· C

140
100

95 148 100 45

⑧ F ⑧
· E

F 150
156

150
·

H

160
·

H

total cost
= 900

Edges AB BC CD AD AG GF FH FEED CE~eight 155151501451010150150 10 o

# Dijkstra's Algorithm

Let D =DIVE)
,

v = 51
, 2 , 3

.....
44 is a vertex set

,
DA

weighted,
directed network in which the weight of every dive-

- oted edge is non-negative

If d(i) + cli
,j) < d(j) then d(j) = di + c(i. j)

Q. Find the shortest path fromA to the remaining vertices

I

107BD
At 3
q

6

2 ! P .

T

. 0-
5

-C 2



C D

a

E

es &As
in

C s e

g Ac

D CBD

E I I I i ↑
ACB

Shortest path and shortest distance

path
A to 13 8 ACB

A to C 5 AC

A to D 9 Ac BD

A to E 7 ACE

2) Find the shortest path blu vertices A and z and it weight
using Djikstra's algorithm

g A B c DEF 2

S A O a a as as c A

E7 2 nu 2 B3 71 a a as a

I

32
A

↑Dr 32

C 5
I 10

1 E I
S

C & F

7

# 5
3

2

This weight of the shortest path from

A to 2 is 7 and the path is

A = c -D - 2



3. The diagram below shows roads connecting villages near

Royion . The numbers on each arc ledge represents distance

in miles
,

lean leaves in royton and works in Aston . Use

Djikstra's algorithm to find minimal distance

chadderton · ·
Dunk field

6
3 7

12

Rayton 3 · Aston
5

4 3
·

Shaw smosely
R S CDL M A

R O as as as as as a

S 4 3 as as a a

C 4 9 8 a a

D 9 7 A

L 9 13 A

M 12 16
A 15

Shortest path from Royton to Aston is R-c-D-M-A and

this distance is 15 miles

4. Find the shortest path blu A to all other vertices

5 B D
14 At

7 12

A 18

E 10 P. T- 0 -
65 G

C 6
F 8



A BCDE + GH

O a a a a n a A

A 5 sa0aaa

C 6 19 12 a a a

D 19 11 12 as a

E 19 12 21 a

F 19 20 A

a 2031

38

1) F-B >5

2) A -c)6

3) A -B =D (19

4) A -c -E S /1

5) A-c-F (12

6) A-C - F-G 220

7) A-c - F -G - H)30

Theorem 1 : A connected graph G has Euler circuit if all

the vertices of G are of even degree.

Theorem 2 : Show that a connected graph with exactly
two vertices of odd degree has an ener trail.

proof : Let t and B are the only vertices of odd degree in

G .

Add an edge e blu A & B then A andB be two

vertices of even degrees and all other vertices of even degrees.
Now

,
we have graph
G = GVe



: GI is connected graph with even vertex is of even

degree
= G , is a Euler graph
=> GI contains Euler's circuit

If we removea from Euler's circuit we get
Euler's trail and

that is the proof of G

# Hamiltonian Cycle
A cycle of a connected graph G is said to be Hamiltonian

cycle if it contains all the vertices of G.

Example :

A C A C

&
HC

B
B D D

# Hamiltonian graph
A connected graph G is said to be Hamiltonial graph it
it contains namiltonian graph.

Theorem 1 :

It in a simple connected graph withn vertices (n> 3)
the sum of degree of every pair of non-adjacent vertices

is In
, then the graph is Hamiltonian

Theorem 2 :

If in a simple connected graph with n vertices (n =3)
the degree of every verten ? N/L then the graph is

Hamiltonian.



Theorem 3 :

Let G be a simple graph with n vertices and m edges
(m23)· If m2 In-1) (n-2) +2 then G is Hamiltonian

graph.

soln : let h and v be two non-adjacent vertices and deg(u) = 1

and deg (v) =

y
If we delete u & V from G

,
we get a graph G

,

with a edges(say)
: GI is a simple graph with n-2 vertices then 9-n-2 -

-(n -2)(n -3) -

9 - - (ne)(n -b) >

Since u and V are non-adjacent vertices

m
=

a+x+y
=> uty

= m -

q

way & (n-1) (n -c +2 - (n-2)(n-3)

-In-2)(+) +

-(n-2)(4)
- n - 2+ 2

n+yzn

sum of degree of two non-adjacent vertices In
=> G is Hamiltonian .



Q . Consider a diagram (Konigs bridge)

--B
Is it possible to travel through each bridge exactly once by
starting and ending at same point.

·
A

P · a Since G is connected and deg(t)
=deg() = 3 (odd)

⑨

B Therefore there is no Euler's circuit

in G

Q. Suppose a committee member has- members , these

members meet eachday at a round table for lunch.

they decide to sit in such a way that , every member

has different neighbours at each lunch . How many day
can the arrangement last

?

VI case =

1

v7 v2 VI

V2
V7

v6 v3
VG Vs

v4

V5 v4 v5



VI

case 2 : case 3
VI

V2 VE Vz

V7

V6 43 VE v3

55 24 2524

3. show that petersoo graph has no Hamilton cycle
A

p >q
B M

L
E up > -9

8

N p (wq >
up

C D

# Unit -2

Probability Distribution

Poisson Distribution

poccurenceof event-e(

11111111111114
[ unit time interval >

·

W At be the length each sub-interval n- At = +

· Let k by the number of events occurred
·

Average number of events in the unit interval is X = up
·

probability of occuring of an event is not depending on

probability of occuring of other event

From the binomial distributions

p(k) = " p
+ (1-p)n

= k

=

n !

(n -1) ! x !
(*)

*

(1- -n
- 1



= uln-11
........

In- (k- 1)) (n-H !/)1-
-

(n- k) ! k !

P(a =) - m))) - z) ....) (
*

) -*)k !

as n < k

p(k)
= him

, (1-)(1 -z) ...)-"(-
k !

P(N) = yez
- x

,
4 = 0

,
1

, 2 .....

k !

This is called poisson distribution- him (1-*

Note that
,

/X =c =x

Note : The interval that was partitioned is a time interval. The

same method can be applied to any length ,
an area

,

or volume.

Generally
.

If T is the time interval and k is the random variable

then ;

P(X : XT) = (x +)kj- +T

,
x = 0

,
1

, 2... . - .

K !

surea) = *El
k = 0 k !

=
-

XTx
-I



Let us consider the time interval T = 1 then

1) variance/k)=-
o

= zk2 *
z

x
-yz

k =

0k !

= k
*
x

*2 - x2
k = 1 (k = 1!

=-
(k- 1) !

=
var Ik)=e↑

A

= [xn+22
-x +xke-k = 0 k !
-A

- 42xke↑k =0 k !

=x2[P(k) +x[P(k) -X2
=x + X -X
= X

2.

ExpectationsxP(ix)
i

:

:
- X



E[k]=k
K !

=X *
e

-x

k=0 (k-1)!

= xke
-X

k =1 (k- 1) !

# Probability Mass Function.

Is a function that gives probability of discrete random

variable.

For the poisson distribution PMF is given by P/K= 2)
= c

-xyx
P(k = x) = Plu)

x!

where X = up

Consider a frequency distribution table

23 ..
- - - ~

frotey to...

The theoretical frequency ofa is given by Pla).

Total freq
= Plu) [fi

=
e

-*> [fi
x!

where mean := z vifi
If



Q
. Given average accidents /week

is X = 3

Wht probability mass function.

p(k = x) = e
- +\n
2 !

P(Q = 2) = 2
-332
2 !

= 0 . 224

i - e 22 . 4 %

Q
.

A distributor of bean seeds determines from extensive tests

That 5 % of large batch of seeds will not germinate .
He sells

the seeds in puts of coo and guarantees 98% germination.
Determine the prob that a particular put will violate the

guarantee.
~ Given that p=

and n = 200

- Mean = X =

m-p = 200
.70

X = 100

Thus PMF is :

p(k = x) =
c

-+yu = p(x)
x !

: p(use) = 1 - P(n (2)
=

1 - (p(d) + P(1) + P(2))
= 1 -le -10 +e

- 10x10 +e
-

x
-

"

1 -et0(1 + 10 ++)
= p(u>2) = 0 . 9972



Q A book contains 100 misprints distributed randomly throughout
its 100

pages , assuming Poisson distribution find the prob.

at random contain at least 2 misprints in a Page

Given 100 misprints in 100 pages
: Mean = 1 = 100 =1

100

PMF is given by
P(k = x) =

c
-+yu
x !

P(x= 2) = 1 -p(m(2)
= 1 - (P(O) +P(11)

P(uze) = 1 - le-

+e-l
- I-2e

-

= 0 . 264

probability at atleast two misprints/page = 0 . 264.

Q. The probability that a news reader commits no mistake

in reading the news is a
3

. Find the prob . that on particular
news broadcast he commits !

1) only 2 mistakes

11) more than 3 mistakes

111) utmost 3 mistakes

Given P(u=0) = 2

=3

P(x) = e

-*
y

*

2
-x

=

z
-3 x!

X = 3 = Mean

i) probability of only two mistakes is

P(z) = e

-

3x1 = 0 . 2240

2 !



ii) probability of more than 3 mistakes

pluss) = 1 - Plu = 3)

plus) = 1 - (p(d) +p(1) +p(2) + p(3))
- 1 -(e

- 0
+e 3x3 + 2-

3
. 32 re )2

=
1 -

a

-

S(1+ 3 +2 + 5)
= 1 -0 -6472

= 0 . 3527

iii) probability of at mosta mistakes

p(n( 3) = 1 - P(n) 3)

= 0 .

6472

Q. 2 % of the fuses manufactured by a firm are found to be

defective· Find the prob that a bon containing 100 fuses

contains :

i) No defective fases
ii 3 or more defective fuses.

Given p=2
& n =

20

: Mean = > =
up

= 4

i) probability of no defective fuses is :

plu = 0) =
e

- 4
= 0 . 018

ii) probability of 3 or more defective fuses

plu = a) = 1 - P(x(3)

p(n =3) = 1 - (p(0)+ p(x +P(a))
= 1 - (n

-4
+ e

-4
. 4 + 2

-4

- )



= 1 - e

-

4)1+ 4+4)
= 0-76/8

6. Given Plu =2) = plu = 1) then find plu-ol & plu= 3)

The probability mass function is :

P(u) = e
-y yn

x !

Given;

p(x=2) =2p(u= 1)

2 =z
2

X =

i) Pla = d =2 0
=e =

ii) plu=3) =5413
3 !

= 0 - 104

Q If n is the poisson variable stplu = 2) = gp(u=4) +

90plx=6) then find mean and variable of the P. D.

pla=Puge

-*
2 ! 4! 6 !

=
=

=x2(+



X = 1 = mean

variance =X = 1
/

9 .2 O I 2 3 4

f Ill 6322 3 I

ans :

Mean = X =

Zuifi
= 10

200

X = 0 . 6

x f 2f thepoisson fitisMA R
O III O

S 6363
x ! x !

2 22 44 Theoretical frequency of

3 3 9

4 I 4 x
=

p(u) . Ifi
Ifi =200 Exifi = 120

Theoretical frequency of 2
:

when x = o > p(o) . Ifi = 10g · 76

x= 1 > p(1) . Ifi = 65.85

x= 2 > plc). [fi = 19 . 75

x
= 3 > p(3) . Ifi

=
3 . 45

x= 4 > P14 [fi = 0 · 59

10. The frequency of accidents per shift in a factory is as shown

in the following
Accidents



# Geometric Distribution.

Geometric distribution models the number of trials required
for the first success in a series of independent Bernoulli's trials

11 Let In be the number of trials

21 P be the probability of success

3)a be the probability of failure
Thus the PMF for the geometric distribution is :

P(X = x) =q-!p = p(1-p(x
- 1

where p+q
=

1
.

Q. The probability that a phone call leads to a sale is 0. 4. Calcu-

late the prob . that first sale occurs in the 5th call.

->
Given , p

= 0- 4

:
q

= 1 - p
= 1 -0. 4 = 0- 0

The probability that such occurs in the 5th call is P-51

WKT
,

PM F

p(x) = qu
-p

. p
Pla = 5) = 10 .615- 10· 4) = 10. 61 +

10- 4 = 0 .

051/



an

2. Q . In a certain town ,
30 % of the people own "iPhone , a

researcher asks people at random whether they own an

iPhone. The random variable X represents the number of

people asked upto and including the first person who owns an

iPhone . Determine the chances that :

i) 4 person owns a iPhone
ii) at least 3 people own an iPhone
iii) at most 4 people own an iphone

WKT PMF is pla) = gh-p
Given p

= 30 % =
= 0

=

q
= 1 -p

= 0 . 7

1) plu = 4) = 10- 71310-3) = 0 . 1025

50. A person decides to continue placing a bet of Rs 5000 on

the number 5 in consecutive spins of aroulette whee

until he wins. On
any spin there is a 1 on 50 chances that

the ball would land on number 5.

i) How many spins do you expect until he win ?

ii) What is the amount he is expected to spend until he has his

first win ?

iii) what are the chances that it takes 5 spiny before he wind?

iv) What are the chances that it would take him more than 50

chances to win.

Note : For geometric distribution

Expectan of U is

E(n) = 1/P

variance of a is varin)
:



Joli-Given p :

Number of spins expect until he win is :

E(x)==
E(x) = 50

ii) The amount he is expected to spend until he win is :

50 x 5000 :
250000

Note : The PMF is :

P(x) =q4+

-p
= (1 -p)n7 . p

= /1 - 1502-11
50

P(u) = 19 x
iii)

thisprobabilitythat
he win in oh attemptst

= 0-0180

iv) P(u > 50) = 1 - P(u = 50)
=

1 - 1P(n =1)+plu=2) +... ..

+p(u =50))
-(+-

This is G-p with common ratio r=
4 =

1
56

sum =a)
= 1 - 10. 6283) = 0. 371



Q. A
swing trader has a trading set of width 55% chance of success.

He started trading with initial capital 1 lath rupees by making 5%

--... -- .

Find the no - of consecutive failed trades
.

Given P = 55 % = 0. 55

Number of consecutive failed trades required to loose 40% initial

capital is10

2 : 1 lakh

for i = 1 : 100

y
= x - 5y(u)

u =

y
if abs/x-y) < 10

: 5

break

end

point(i)

ii) WKT plus =
p . qx-

= p(l-p)x
- 1

- plu = 10 = 0. 55 (1-0.55)
-4=

1-87x16

Q. To finish a board gameA needs a sum of 4 with two dice. What is the

prob . that it takes A under 5 tries to win ? How many rolls would you expect

A to take until she wins?



#Continuous probability distribution :

For a continuous R. V. U
, the continuous function ful is said

to be probability density if it satisfies the following
i) fill zo On

ii) Jo youldn = 1

-

iii) Plazab)
=/Pfudo

area under the curve y : find
blu ordinates at b

Note :

i) plu =al
a+bu

= lim

soon fouldn

-lim (Fjau/Jfudn = El
a - Jn

=lim (Flatsul-Fal
= F(a) - F(a)

= O

ii) Pla(utb) = placucb) = place(b) =placacb)

/
*

fudn stab

/finde utlab

#Cumulative distributive function (CDF

For a random variable 2 with the PDF finl the CDF/Ful is

defined as :

p . + o (



F(x) =

p(a(u) = /Yudn
F(-a) = 0

,
F(+ a) = 1

: 0 = F(n) 11

Expectation ofI
> Expectation of n or mean is given by

E(x] =

ye
= jefold a

Variance

vanancesgivenbyJefdea
# Uniform Distribution (Rectangular Distribution)

The function ful is defined as

f(ul =&kut(a ,
b)

O otherwise

WKT

,/Guida =

/"findn =1

Thus,

a
/ondx = 1 +x =

Gota
xt [a , b]

k(n(a = 1 O otherwise

k(b- a) = 1

k =

coal
This is called PDF for the uniform

distribution



·
Expectation (Mean) for the uniform Distribution

E[x] = n=/ "ufculd

Sa I'm du

a

sta(
- 162all

-
Variance for uniform distribution

variance
=

-= /In-m)+cudn

=(in-una

(In-m3)
bal (10-M3

- (a ->(3)
=(b-a) (b - a

+)) - (a - a-b)) =

(ba)



# Cumulative distribution

i) when 21a, uldn =S
ii) when nt (a r b)

- a xb + a

F(u) =

P(X(x)= jud

Sniduold

F(u) = P(X(x) = "fouldn
a

= /"dn=b -a

a

when n = b

-to m

F(u) =

Plazb/Huld20 +/ fulds +(4f(t)d
d

=

/
b

dx + o
= 1

b - a

a =

Q 1) Ifa is uniformly distributed in-21U12 then find :

i) p(n<1)

ii) p((x - 11 = 1/2)

soln i) WKT PlX (n) = n -a ii)In-11= = x-

11 or

b -a

↑ (x (1) = 1 - 1-2) x-11 - 12
2+2

or
=
- p(xzz on=)



= p(n = z) + p(= 2)
= 1 -

P(x + z) + p(n =2)
= 1
-

3 - (e) ↓ - (-2)

+ 2

2= (-2) 2- 1-2)

=
1 -

3 +2 ↓ + 2 = 1 -+=- 2

4 ↑ -

& 2) If X is U .D with mean 1 and variance 43 then find
P(X(0) .

soln : Wht
,

mean=1 Earb- =2

variance = -
2

= 1b-a)2 = 1
12 3

(b -al2 = 42

b - a = 14 92

solving D & ② , we get
a = - 1 and b = 3

=-p(x(x)
=

P(xco) = 0 - H)
=4

-

& 9) The driving time X from a person's home to the train station is

U . D as U[10
.

50] · If it takes 2 minutes to board the train

determine the prob that the person catches the 7 am train if he

starts at 6 :43 am from his home.

soln : > P . F- O



soln ; P(u(15) = 15- a

b- a

=
15-10

40

I
5

= I

40 g

T

Q11) The amount charged for a visit to a dental clinic is U .D from o

to 1000 /in INR) . Given that the amount charged for a visit exceeds

Rs 500
,

calculate the probability that it exceeds is 750.

soln ; WhT the conditional probability of happening of an event A when 13 is

already happened is :

P(A/B) = p(A1B)
P(B3)

Penceeds 700) = P exceeding 750 1 exceeding 50

Plexceeding 500
= Pluz750)

P(22500

= 1 - P(n=50)
1 - P(21500)

= 1 - 750 -0 1 - 500

1000 1000

= 0 .

5



ans 0
. ·

100 miles
A B

⑦ ·
o

⑨

iGA B

PlIOLU(40 or 60(n(go)

= plloch (40) + P16o (n (go)

- 14find du fin
/Podn+ toan

= x30+ x 30

=
85 go

ii)
⑨

= PlIOCa (15) + p135cucco) + ploocnces + P1852n(90)

= /"foudnt/dn + 15 fudn + gfuda
60 85
I

-[/dn +/du/o5du+n
= [5+5+5+5]

-
·: Since!

hence secondroute (ii) is more

efficient than (1) .

-



# Exponential Distribution

For the continuous R . VU
.

The probability density function for the

exponential distribution is

fin : -
* W

, 110E
O Otherwise

where

+Eveu
Mean (M) or E[x]

Mean =

m= /onfule

/guide+jutsul du

= o +je- du

O

= juxe- de

=
- [ne--
= /0 - (0 - [2)]

M=
T

# Variance

62
=)(x -m)+(n)dx



=(in-1)x
-
*

du

=/(-)-
=

x) - (-x)-/-)e
=[0-7 +3=)]

=

Ez

# Cumulative distributions

The CDF of exponentialdistribution is :

F(x) = p(u(u) = ) fluids

=edu

=
= - (e xx

= - ] =

Given
, M

= 5 min

NkT
, M

= 1 = 5 = x =&

Let n is the duration of shower then ;

i) p(X(x) = 1 -e

- Th

~ R

plucio =1-e
= 1 -2

-2

=
0 . 8646



The daily turnover in a medical shop is exponentially distributed with Rs.6000 
as the average with a net profit of 8%. Find the probability that the net profit 
exceeds Rs.500 on a randomly chosen day.

ii) p(az(0) = 1 - P(u(,0)

= 1 -0-8646

= 0 . 1353

iii) P110x112)

=) "yould

-
=)"

- 5 da

10

/i 5]"
· -[ -z)
= e-2-15

= 0 - 0446

Q 5.

soln ; Average not profit is :

m
=

8 % /600d

M
=

480 = 1

T

a = 1/480

↑ (n = 500) = 1 - p(x + 500)

-
= 0.

3528



The sales per day in a shop is exponentially distributed with average sale amounting 
to Rs100/- and net profit is 8%. Find the probability that the net profit exceeds Rs. 
30/- on 2 consecutive days.

Q4.

soln ; Given that on average net profit of each day is 8% 1100) =

Average net profit on 2 consecutive days is 16.

Let i be the net profit on two consecutive days.
we need to find pln = 30) .

WKT JX = 1/16

p(X = u) = 1 - p(a(x) = 1 - (1 - 2
-xx)

pluza) =
e

- xm

-. pluzso =e x30

=
0 .

156x

# Gamma distribution

For the continuous R . U . U the PDF is given by
+(1) =

>S
otherwise

where,

~(a)
=jed

* is called slope variable and B is called growth variable

Mean = M
= <1

variance = 02 =

up
?

cumulativedistribution

plaz) = just dx

O

put =t Edu : pd

p (n

(x)
=) peopa



The daily consumption of electric power (in million Kw-hours) in a certain city is a random 
variable 𝑋 having the probability density

Find the probability that the power supply is adequate on any given day if the capacity of the
power plant is 12 million Kw hours.

=* dt

r(x)

= r(a
, )

T(4)

where T(x
, ) =/**

O

>

incomplete gammo function.

Questions :

f(u) =

Signe"3 , if mis

o
, if n

Soln ; Comparing given PDF with standard PDF
, we get B-3 and x =2

P(u = x) = T(x
,
/B)

↑(x)

P(u(12) = +(2
,

12/3)
T(2) T(x+ 1) = n !

= T(2
,

4)
T(z) = 1

I

p(u = 12) = +(2
,
4)

=)"+ 2 -dt ↑ In
,
n)

O =Jun
= /"+e

+
d+

O Yan = ujo-ulya
=

(+ (3+) - 1.(+))
ndy

+ u )).....



Daily consumption of milk in a town in excess of 20,000 litres is approximately 
given by Gamma distribution with alpha = 3 and beta= 10,000. The town has a 
daily stock of 30,000 litres. Find the probability that the stock is insufficient on 
a given day.

If a random variable has gamma distribution with alpha = 2 and Beta = 2 . Find 
(i) mean (ii) standard deviation (iii) the probability that 𝑋 will take a value less than 4.

R . v = random variable

= Pe
*

- c4
- (0 - 1) = -5 + 1

=

0-908
-

soln ; Let /be R . vI daily consumption of milk in encers of 20
, 000

Litre .

Given & = g and 13 = 10 , 000

Ifh<10, 000 thus stock is insufficient
↑ (n = 10000) = ?

Now,

Plaz10000 = 1 - Pa-10000)
=

1 - r(x , 1000
r(4)

= 1 - 5(3, 11

r(3)

-1-)t3"a
2 !

-1-1/edt = oga

=> Given = 2 and B = 2

i) Mean = *B = 4

ii) s . D = war(n) =
1

&B2

= 5 = 2r



iii) pluck = -(,p)
= r(2, 2) = T(2

,
2)

(2)

p(a(4)
=j2 +

2-

-dt

~ (n
,
n)

= (a
-++-

de

=/= c
-+

d+

pluce) =
0 . 594

# Normal distribution

Thus R . U 2 with bell shaped distribution is called normal R. V.

I-
it2o it in it urze ....

Thusprobability density function for the R iNet
whereIn is mean &0 is s .D.

the probability of a lies blo M and u2 is given below :

p(m = n(nz)
=( 0

Thus R . V 2 with mean 0 and S -D1 is called standard normal R . V

z = n -

M
o

dz = dx p. T - o 7
T

dx = Gdz



-
i'-20 in -0 in its in+ 2- . - -

1

- 2 - z=
0 ! ----

07
P12

, 12122)=

p(zz2)=
21

:

mil 22 :

Let K)0
,

then

1) pl27k) = 0.

5 - Plotzk) 2)Plz= - k) =0. 5 -p)= k1z(0)
=0. 5 - Plotz(k)

- #
3. P(z(k) = 0.

5 + pl0tz (A)

*



4 p)- k + 2) = 05 +p(-k = z =0)
= 0. 5+plotzk)

IIIIIIII
Let K

,
76 and K2T0 then

① p(k , 12 (k2) = plo1z(ke) - PlotzAi

-
O k, * 2

2 pl-k , z= - kz) = p( -k , zz 10) - pl-kztz 10)
=ploc2(k)-plotz [ke)

#
-k-k20 &2 k,

3. pl -ki =z(kz) =p(k , zz (0) + plotz = kz)
=p(o = 2-ki) + p(o = zkkz)

-



4. Plz < -k1 and z1k2) = 1 - pl-kizz =0 -Plocz(k2)
= 1 - plo12(k,) - p(oz(kz)

#
# Properties of N .D

1) Mean = N

variance = 02

S . D = 6

/ Area under the normal carry in the interval (-a
,
a) is one

3) The curve is
symmetric about u

=M (2-0)

4) trea blu (-a ,
o

=Area blu (0
,
9) = 0 . 5

# Questions

1: In a normal distribution 31% of the items are under 45 and 8%

are over 64· Find the mean and SD of the distribution.

Soln; NKT
,

z = x -M
6

Given Pla< 45) = 0 . 31 Plu> O4) = 0 .08

Consider P(u145) = 0 . 31 10 .5 we need to find the value of 2 for which

area blu O to z is

= 0 . 5 - 0 .31

= 0 . 19 ~
2



E
By table

,
21 =0-5

Consider ;

P(n)64) = 0 . 08/0 . 5

-0-of We can find z such thatapar.sprether area blu o to 22 is 0.5-0 ·

08

22
= 0 - 42

P·Derma=againa
①

at

2
= 1.4t

M + 1-416 = 64 > 2

solving O andG ,
we get

M = 34· 56 and 6 = 20 -87
-



In a university scholarship program, anyone with a grade point average over 3.5 
receives a $1,000 scholarship, anyone with an average between 3.0 and 3.5 receives 
$500, anyone with an average between 2.5 and 3.0 receives $100, and all others 
receive nothing. A particular class of 500 students has an overall average of 2.8 with a 
standard deviation of 0.6. Assuming the grade point averages are distributed normally, 
calculate the expected cost to the university of supplying scholarships for this class.

2.

soln ; Let u be the average grade point of a student

GivenIn = 2 - 8
,

6 = 0 . 6

i) pluss . 5) = p (2 > 3 .5-2 . 8(0 - G

= P(z > 1 . 166) = P(zx- 17)

=
0 . 5 - PlOLZL1 : 17)

F= 0.5 - 0 . 379

P(x >3-5) = 0 - 121

: # students average grade 73. 5

= 0 . 12 x 500 = 60. 5 61

ii) P13(n(3. 5)

= p(3 - 2 . 872(8. 5 - 2 .8 ( -0 . 6 0-6

= p(0 . 333(2 < 1 - 186) 0 0 - 33 1 - 17

- pl033 < z(1-17)
= ploLz(1. 17) - P10Lz10 - 33)

= 0 . 379 - 0 . 129 = 0 . 25

# students average grade point blu 3 and 3 .5 = 0 .

25x500 = 125

iii) Pl25(n (3) =p)25-28I 3 - 28 (0 . 6

= Pl- 0.5220 -33)
= Plotz(0 ·5) + Ploczloss)



The mean height of 500 students is 151 cm and the S.D. is 15 cm. 
Assuming that the heights are normally distributed, find how many 
student’s heights lie between 120 and 155 cm. Also find 2 symmetrical 
values an and b such that P(a<=X<=b)=0.95.

=

o . 1915 + 0 -1293

= 0- 3208 a
# Students average grade point bl 2 .5 and z = 0 . 3208x500

= 160 - 4 - 161

Expected cost = 61x1000 + 125x500 + 161X100

= $139600

3.

soln ! Let u be the height of a student

Given M
= 151 cm and 6 = 15 can

P(120 (n (155)

= P120 - 151 < 2 < 155-151I 15 15 (
P /120 (n2 155) = Pl

- 2 . 07 < 2 < 0. 27/

or= ploczc2- 07) +PlOcZLozel
= 0 .

4808 + 0 . 1064

= 0 . 5872

# Students whom height is bl 120cm and 155cm = 0 -5872x500

=

294

Pla<h(b) = 0-g5

We need to find a and b

(symmendplaca (b)

= p(av5L2Lb-15S
-d ↳

> Z
15



The mean inside diameter of a sample of 200 washers produced by a 
machine is 5.02 mm and the S.D. is 0.05 mm. the purpose for which these 
washers are intended allows a maximum tolerance in the diameter of 4.96 to 
5.08 mm, otherwise the washers are considered defective. Determine the 
percentage of defective washers produced by the machine, assuming the
diameters are normally distributed.

= 2p(0< b-5)) : a

andbare)
Given that

2p(0cz4b - 15115) = Place(b) = 0 . 95

P(o(z(b+5) = 0 .95 = 0 -475

2

From the table

b - 151 = 1 . 96 7 b = 180 -4

15

~
11

121 - 6 = a +m-> y = 180.4
151

WKTi

(n -a = b-

M

2x
-b = a

·
: a

= 2 (151) -180 . 4

: a = 121 . 6 -

4.



# Unit-3 : Joint Probability

Consider a probabilistic model with two discrete R. V X and y with PMF's

Pu(X = x) and Py(X=y) , respectively.

S
⑯O*

Px
,y(x = u

,
y =

y)

For any nex and yeY ,
the probability of occurence n and y denoted by

PX
,y(x =XandX =y)

= PX
, y(X = u

,
X =y) is called Joint probability mass function

(JPMF)

WAT
,

1) PX
,
x(a

,y)]0 11) [[Px
,

y
(xi

,yj) =1
i = 1j

Suppose
X = S41

, 42 , 23 , ...
...

3

x =

Sy /, yz , y .......
the joint probability table is given by :

-I:I
-

--

where Pij = Px
, x (wi

,yj)
once we have JPMF PX , X/X = u

,
X =y) , the individual PMF's Pu(X)

and Pily) is called marginal PMF's

P (vi) = Pil + Pict
......

= [Pij=x lig
j]1

Py(yj) = Pij + Pzj +Pzjt..... Pij =[Px ,
x (ni

,yj)



Nore : If n and y are independent R . V then :

Px
,

y(x = x
,

X =y) = Px(x =x) = py(y=y)

# Expected values of glu ,y) :

=(g(x ,y)] =zg(x ,y)Px ,y(x = x ,
X =y)

# Expected values of X +Y

E[X+ y) = E[X] + E[X]

# Covariance :

Covariance of X and Y is denoted by CoV(uy) and is defined by
cor(x

,
x) =zz(n -mu)(y - my) PX

,y(x ,y)
where Mn = E(x = 1)

, My
= E [X =y]

Cov(uy) : E[(X -mul (x -my)]

1) If X = Y then

Cor(X
,

x) = E[(X -mu)2] = var(u)?
2) Cov(x

,
y) = E(X

,
x] - E[X] ELA

# Correlation co-efficient of X and Y

For the R . U X and y the correlation co-efficient is :

f(x
,

y) = Cov(x
,

Y)

on Gy

where on is s . D of h . by is s.D ofy



Marginal distributions are :

↑x(x = 1) = 0 . 06 + 0. 15 + 0 . 09 = 0 -3

↑x(x = 2) = 0 . 14 + 0 . 35 + 0 . 21
=

0 . 7

Px(y = 2) = 0 . 06 + 0 - 14 = 02

Py(X = 3) = 0 . 15 + 0 .35 = 0. 5

py(X = 4) = 0.

09 + 0.

2 = 0-

3

-X = x and Y =

y
Px

,
y(n ,y)

= Px(x)x Py(y)
:. x and

y
are independent

1 . f(x , y) = c(2x +y)
o x (2

, 01 y13
n

,y
+z

·I
WKT

,

i) ZZPay(x ,y) =

0 + c + 2 + 3 + 2 + 32 + 4 +52+ 42 + 52 + Ea+ 72

42 = 1

C = 1

42

ii) Plu= 1 , y
<

= (2+ 3 +4+ 5)C

=
14 :

iii) Marginal distribution of n and y



A coin is tossed three times. Let 𝑋 denote 0 or 1 according as tail or head 
occurs on the first
toss. Let 𝑌 denote the total number of tails which occur. Determine:
(i)  the marginal distributions of 𝑋 and 𝑌
(ii) the joint distributions of 𝑋 and 𝑌. Also find the expected values of 𝑋 + 𝑌 
and 𝑋𝑌.

X O I 2

Px(X) 6142 14/42 22/42

X O
123

Px(X) 6/42 9/42 12/4215/42

iv) 2 and
y

are independent if Px
, x(nxy) = PxulPyly) Va

,y
Since

,

PX
,
x(0) = 0 but

Px 10) - Pylo=

-X and Y are not independent.

6-

nt o -> Tail in first Loss

1 - > head in first toss
Y-

no oftails

occurances X Y

HHH I

HHT

TTT FiHTH

HTT

THH 0

THT O

TTH O



Two flashcards are selected at random from a box which contains five 
cards numbered 1, 1, 2, 2 and 3. Find the joint distributions of X and Y 
where X denotes the sum of two numbers and Y denote the maximum of 
two numbers drawn. Also determine 𝐶𝑜𝑣 (𝑋, 𝑌), and correlation coefficient 
of X and Y.

i) Marginal distribution of X and Y

X O I Yo

Px(X)4848 Py(y)
1 , 8 10 10

ii) E(x+y) = [Inty) Phylny
E(x+ +7 = 0 + 16 + 2 . 2 + 3- y + 1 + 2x2 +3. + 40

E[x+Y] = 2

Ex , =

[Iny Pn
.

y
(ny

= o + 1 -

2 +2 +
3 .0

= = 0 . 5

7
.

11123

S =&(11)
.

(1
,
21

,
(1 ,

2)
,

(2 ,
3)

,
(12) (1

,
2)

,
(1 ,

3) 12
, 2)

,
12

, 3112
, 352

X- Sum of two numbers

Y
Y -> Man of two numbers I 23

2 1/18 00

3
O 4/10 O

4 O /10

5 o o



ii) Marginal distributions of s and
y

X 2 3 45

Px(X) 10 41104/10 2/10

X 12 3

Py(Y) 10 5/10 4/10

E[n] = znPx(n)

E(H] = 2 .1
+ 3. + 4. +510

ECH]=36 : 3

E[X] =

ZyPyly) = 1 .

+ + 2. +3

ELY] = 23 = 2 : 3

18

E(X] =

zIny Pay (n ,y)

E[Xy) =
2 -

! +6 + 8 + 12 +5. T
E[Xy] =

88
= 8-8

: covin
,y) = E(Xy] - ECx]ECY]

=

8 .8
- 13 - 6)/2 - 3

Cor(X
,
y5 = 0

. 52

iii) E[X] = In 2 Px(2)

E(x] : 4- +
9+ 16+ 25

E2x2] :

18 = 13 : 8



Two fruits are selected at random from a bag containing 3 Apples, 2 
Oranges and 4 Mangoes. If X and Y are respectively, the number of Apples 
and the number of Oranges included among the two fruits drawn from the 
bag, find the probability associated with all possible pair of values (𝑥, 𝑦). 
Also find the correlation between the variables 𝑋 and 𝑌.

E[y2] =

Zy
2

Pyly
E242] :

1 + 4. + 9.

E(yz) =57 = 5 . 7

Var(n) = cor(X
,
x)

= E[x2] = [E(XT] <

Var (n) = 13 .8 - 13 . 6)
"

= 0-84

·n=ar(u) = 584 = 0-q

var(y) = corlx
, y)

= E(y2]-LELx]]

var(y) = 5. 7
- 12 .5) ?

var (x) = 0 - 4

by : Facty) = 54

6y
= 0 . 64

f(xxy) = Cov(u
,y

E My
= 0 . 52

0 . 91 x0.64

f(n ,y)
= 0 -89

9-

3 -

Apples
2 -

oranges
4 -

Mangoes
9 fruits



- > no of apply
X -> no of oranges

1 - A10occurrence 2 -
A 2-0 2

-
M 1-M

X 2 O 8 I I O

Y 02 O I O I

·
sa

Marginal distribution of 2 and X

X o I 2 Y O I 2

Px(X) 1513618136 3136 Py(y) 21/36 14136 1136

E[X] = ZuPu (n) =
o + 18136 + 6136 = 24/36

E(X
=

ZyPyly) = 0 + 12/36 + 2186
= /36

ECX
, x] =

[Eny Pay (n ,y)
= o

++

E(X
,
Y] : G

36

E(y2] = In 2 Pulu) =

+ = 3

E(y2] = zy2 Pyly)
=

ELY2]
=



: Cov(X
,

y) = ECX
, X]-ECXJECY]

=- X

cor(n
,
y) = - 0 . 129

var(a) = cov(u
,
x) = EChF] - (E(ny) 2

var(x) =30
-

12 = 0 .

3.

=> Ex=ariul = 5- 38 =
0 - 616

Var(y) = CovIX
,

y) = E(y2]-CELX7] 2

var (x) =
- (2 = 0 - 302

·

y
= Marly) =00

z02
= 0 -549

: $(u
,y) = cor (uy)

on Gy
== 0 . 129

0 . 616 X0 . 549

31x
,y)

=
-

0- 38



# Continuous joint distribution
-> Let X and y are two continuous R.V

,
the probability density

function fu , y
(x

,y) (f( ,y1) satisfy the following :

it fury (uy) 10 Flaxy

iilxy(y) day
iii) Pl(niyIER) = /) fury Myl d

where 12 is the region in 2-D

Note : If frealp) =0 the probability P/(n ,y)ER) =0

iep((n ,y) = 0 (ie probability at a point is zend

2) probability on a line is zero

# Expectation

let X and Y are continuous R-V and glu ,y) be the function ofa

and y thus

ECgIuiy1=gylfyn ,y dyi

Linearity
1) Elantby] = aE[n] + bEly]
2) ELuty] = E(n] +Ely]

Cumulative PDE

Let n and
y are continuous R . U's then the cumulative PDF is defined us :

Plaza
,Yey/yxnyldi



# Marginal Distribution :

let u and y are continuous RV's then marginal distribution of n and y are

fx(x) =

ja +hy(x ,y) by
: tyly) = Sx ye

y
= - c

# Co-variance andCorrelation

corIn
,y) = Elny] - ELn]Ely]

3 = Cov(n ,y)
varin) . varly)

where var(a) = E(n2)-(E(u])2

varly) = Ely)
- (ELyj)2

# Independence

Two joint RV's are independent it fuy (ny)-fuln)-fyly

Note: If n and y are independent then :

i) E[XY] = ELX] ELX]

ii) CoV(X
,

y) = 0

OLy 11
, 220

91) If joint probability function for Incy) is flucy)
=S22) OzK11 ,

Determine the following otherwise

i) Find the value of a

ii) Marginal distributions of 2 and y
iii p (n- , y *z)

iv) P(tu *)

up(y -(2)



1) For PDF

y
=. fuy (xy)dny

g
=
0 )claty andyou

y
=
/( +yu) dy

= =

·

(c(5 +y zdy = 1

c[5y +A
" (s + y

-0)=,
2 fu ln)'tuy (ny a

= je(n2+yz)dy
y

=

0 (x2y +y3).
= (u2+ -0)

=

3+

fy(y)=/ juyd i

-( + yu=

P . T- O -



↑

·

Prese= jjz(n2+y2) budy
y= n =0

-

3) -yu i

-El ( +d
· &(7 + y)y = 12

P(u -

( , y+() = z(z4 + 5
- (b +(b)

=

4)p(+)

J ny da #
-

5
.Ply2

zydyi **
Ply(1/2) = 5

16



ne (0
,
2)92

.ThefontADFis givenbyy=i yeco,
x)

ELX]
, E(xY]

,
Ela +Sy] .

otherwise

Determine K when ye 10 , 11

3. A company produces can of mined nuts almonds ,
cashews

,
I peanuts. Each

can is exactly one pound, But the ant of each kind of nut is random. The

Joint PDF of X
,
lamount of amonds) and ylamount of cashears) .

fin ,y
=

G2xny ,
02x11

, 0 zyz,

uty 11

O, other cois e

i)Show that prob there are more almonds than cashews is 0 -5

ii) CoV(X ,
y)



10 ,11YF
-

↳
you.

L -> 1

xy

is plazy-/) funyl dudy

Plusyyandy

"y(n =

y

-zy (ly-gly
= ( 12y (1 -cy)dy =
y

=0
=

ii) ECn] =

()2 f(x ,y) dudy -y
= 1

judyi F
=

=8) y(cry3-oy o
E(u] = 0 .4



Ely] =

/)yf(n ,y) dudy

=/Yangi

2T
y

= 0

Ely]=I'ly-yy
Ely] = 0 -4

iii) Edny]
=

//my fin ,y) dandy

/ zenyanyi

= 24/ycDig i
y

= 0

=

8) 'y < (1 -y)3dy = 0 -

y
=0

corIny) = Elay] - Eln] Ely]
= 0 .

13 - 10 . 4)10-4)
== 0 -

03/ E neg cor
= almonesacashews



-x2ty2 = r

-

a
==y

a) // fin ,y) dudy
= 1

do this insteada

andy
= 1 = c =1↳ ri

b)
->42+y)=

↳

P((n
,y) = r)

// dudy =inaR



My

/I

&
-

X

c) same as b.

# Stochastic process

Stochastic matrim P is said to be regular stochastic mattin if cements of

pr are positive for same n.

Stochastic process is a set of random variables &XIt)
,

+ETY defined on

sample spaces with a parameter tet
,

inden put

-





Problems :

o . Check whether the given motrin is regular stochastic mattin

and linear. Find unique fined prob vector if p is regular
Op =

/, 7
soln ; Since Pijzo andpiji

: Given matrix is stochastic math'n

[]
P2 =

is"3

Since all elements of p2 are the

:. P is a regular stochastic motrin

- unique fined point vector v = (V1
,

v2 ,
13) st up = v

Since v is a prob rector

=> vi + ve +3
= 1 + 0

Consider V-p = v

Iv v2 vs)(iii) = In use

u = v =
= on -2 = 0 -



Consider a game of “ladder climbing”. There are 5 levels in the game, level 1 is the lowest (bottom) and 
level 5 is the highest (top). A player starts at the bottom. Each time, a fair coin is tossed. If it turns up 
heads, the player moves up one rung. If tails, the player moves down to the very bottom. Once at the top 
level, the player moves to the very bottom if a tail turns up, and stays at the top if head turns up.
a) Find the transition probability matrix.
b) Find the two-step transition probability matrix.
c) Find the steady-state distribution of the Markov chain.

V +

1 +=-

+ ↓
= z-

Solving 0 , Q, &, we get
V1 = 0 - 1

,
V2 = 0- 6

,
v3 = 0 - 3

: v = 10-1
,

0 . 6
,

0 . 3)

4
.

P-T the markor chain when transition prob matrin p is irreducible.

P

=
213 113

I O 112I
112 "2 O

10)

i)Status
: 91

,
2

,
3

,
4

,
53 /- Bottom level

, 5- top level

I 2345

P = 12 O O O Heads -> level +1 (1 -4)

12 O "2 O O tails -> bottom level (1)

O O 12 OI-↓ho
00 112

51 0 O E

ii) Two step transition matric is given by
p2 =

pxp
p . T . O ↓



P2 = 112 Y4 14 00

112 1/4 O 1/4 OI "2 1/4 O O 1/4I12 114 O O 14

12 "2 00 14

Consider 11%=
(10 0 0 o

2-step prob rector is v'21 = v(0)p2
v(2) =

(t -t /4 , 0
, 0)

3.Steady State distributions :

rector :

unique fined point variable

Find v = (v1
, v2 , v3 , VH ,

15) S . + v -

p
= U and Vitu2 +ry +4 +5 =

Consider Up = v

8

IV. we us

I o is· , ve , us
, u sta

v

vs) is 8 "2 O

O O O

"2 O 8 O "2

v , + Ve + vs + v4 + v5 = 3V

# = v - Eve =

= v3 - = vz = · v
=(iii

# = r4
- ⑤ = v4 = 1

2 16

+ 15 = v5 - v5



In a certain city, the weather on a day is reported as sunny, cloudy or rainy. If a day is sunny, the 
probability that the next day is sunny is 70%, cloudy is 20% and rainy is 10%. If a day is cloudy, the 
probability that the next day is sunny is 30%, cloudy is 20% and rainy is 50%. If a day is rainy, the 
probability that the next day is sunny is 30%, cloudy is 30% and rainy is 40%. If a Sunday is sunny, 
find the probability that the Wednesday is rainy.

16. A housewife buys 3 kinds of cereals A, B, and C. She never buys the same cereal in successive
weeks. If she buys cereal A, the next week she buys cereal B. However, if she buys cereal B or C, the 
next week she is three times as likely to buy cereal A as the other cereal. In the long run how often she 
buys each of the three cereals?

15)

s
=

Sunny (s)
, cloudy 2)

, Rainy (2)

Sunday
->

Sunny
= -1%

0-2· Monday
- VI

0-2 Tuesday
-> v 121

0. 3 0 . 3 0
. 4 Wednesday

-
> Rainy

- v 13)

Consideri 0 .

221 0-247

0-2 0-408 0 - 233 0-299I
0 .

234 0-248
I

(3) = y(3) . p

↓
(3)

= /1
,

0
,
0) 0-512 0 .

221I 0 :24T
aI6 -

468 0 - 233

0-468 0 . 2340-248

~
(3)

= 10. 512 0.221247(
prob that wednesday is rainy is 0 . 247/

States
= & A

,
B

,
03

A B

3x+x = /

"



I0 10- sun.O

342 x = 1/4

Find the unique prob rector
v = (r

, v2
,
vs)s .+ Vi +vetus =1 and

up = v -> 0

(r
, veval=[d]=s-

3 + 3=

vi + 13
=

12 -

ve =

- -

Solving 0,0, & ,
we get

vi

= v2 = I v3 =
3535



# Statistical Inference

Statistics

2Mathematical Applied

V v

Descriptive Inferential

↓ W

Graphical
Numerical

date

--
Estimation

Hypothetical
V

Testing
V

single pt estimation Interval
estimation

# Testing of Hypothesis

1 Read the question and assume r . v'X'
,

should be well defined

2. Identify Ho : (Null hypothesis) M= K

3. H1 : 1 Alternate hypothesis
i) In + k -> 12 failed test)

or

ii) < k ->

( Left failed test)

or

iii) MTK -> (Right tailed test)



Mice with an average lifespan of 32 months will live upto 40 months when fed by a
certain nutrious food. If 64 mice fed on this diet have an average lifespan of 38 months
and standard deviation of 5.8 months, is there any reason to believe that average
lifespan is less than 40 months.

-
Ho : M

= A
v/s

Hi : M = k (2 tailed rest)

* -> level of significance

Rejection no
-

Ho

#
↓

* = 0 .

5 - plosz(2x12)
2

=

2

2.

soln ; 2 - life span of the nice

Ho : M
= 40

VIS

H1 :
in <40 -> / left tailed rest)

x = 5 % =
0 . 05

->
2a =

24 = 2. 758

F
- 2 . 758



A machine runs on an average of 125 hours/year. A random sample of 49 machines has an annual average 
use of 126.9 hours with standard deviation 8.4 hours. Does this suggest to believe that machines are used 
on the average more than 125 hours annually at 0.05 level of significance?

It has previously been recorded that the average depth of ocean at a particular region is 67.4 fathoms. Is there 
reason to believe this at 0.01 L.O.S. if the readings at 40 random locations in that particular region showed a 
mean of 69.3 with S.D of 5.4 fathoms?

0 . 05 = 0. 5 - plotz - za)

p(o + z(x) = 0 . 45

2
=

- 1.65

=> 2727 Reject's No

3 .

Given ;

X -> No of has machine runs manually
Ho :

M = 12 5

VIS

11 :
M 1 125 /Right vailed test)

25
= 126 . 9-125 = 1583

0 .4g

* = 0 .05
-

zu

0. 05 = 0
-

5
- plotz !2x)

↓

2x
= 1 . 65 F

=> zL2 = Accept's Ho

Q 5.

Given ;

X- > Depth of the ocean

Ho : In = 67-4
uls

H1 : +67 - 4 12 tailed test)
·Fin

-2-58 z = 2. 58
->

2 =53674
= 22



To test the effects a new pesticide on rice production, a farm land was divided into 60 units of equal 
areas, all portions having identical qualities as to soil, exposure to sunlight etc. The new pesticide is 
applied to 30 units while old pesticide to the remaining 30. Is there reason to belive that the new 
pesticide is better than the old pesticide if the mean number of kgs of rice harvested/units using new 
pesticide (N.P.) is 496.31 with S.D. of 17.18 kgs. Test at a level of significance (a) 0.05 (b) 0.01?

0 - 005 = 0 -5 -P(04z(2x)
24 = 2 . 58

121 <20 - Accepting to

Test of significance for difference 60- tomeans 3

↓
while for the old pesticide it is 485· 41 and its s .D = 14. 73

#
Given ;

XA + Rice harvested using new pesticide

XB-
1 1/

"old"

Ho : MA = MB E MA-MB = 0 = S

Hi : MF) MB
- (Right tailed Eest

-> z = 1496 . 31
- 485-41) - 0 =

2 - 638

#1812

↑ = 0. 05

0 -05 = 0 .5 - Plza)

P(2x) = 0 -

45

2 = 1 -65 -or
2224

E Reject Ho



A random sample of 40 ‘geysers’ produced by company A have a mean lifetime (mlt) of 647 hours of 
continuous use with a S.D. of 27 hours, while a sample 40 produced by another company B have mlt of 638 
hours with S.D. 31 hours. Does this substantiate the claim of company A that their ‘geyers’ are superior to 
those produced by company B at (a) 0.05 (b) 0.01 L.O.S.

a = 0 - 01

0 - 01 = 0 -

5
- P(zx) &-

za
=

2 . 33 - A
2-638

2)2x 2=
2 .33

Reject Ho

3.

Given i

A = 40

B
= 40

X* -> Product by company



An ambulance service company claims that on an average it takes 20 minutes between a call for an 
ambulance and the patient’s arrival at the hospital. If in 6 calls the time taken (between a call and arrival at 
hospital) are 27, 18, 26, 15, 20 and 32. Can the company’s claim be accepted?

# small sample test concerning
single mean It-distribution I

1) We use this distribution when the sample size is small (n/so

2) Degree of freedom (dot)
Number of independent variable free to vary is called dof.

V =

n-1 = dof for the sample size n.

Q I
.

Given
,

n =6
,

R . V X is time taken to reach the hospital
i = 27 + 18 + 26 + 15 + 20 +32 = 23

6

S - D se
sNursin....132-231

S = 6 . 3974

Null hypothesis
: Ho : M =20

Alternate hypothesis : H1 : M720 (right tailed test)

P . T-O ↓



In a random sample of 10 bolts produced by a machine the mean length of bolt is 0.53 mm and S.D 0.03mm. 
Can we claim from this that the machine is in proper working order if in the past it produced bolts of length 
0.50 mm? Use (a) 0.05 (b) 0.01 L.O.S

Test Statistic :

+=0 = 23 -20

6-38/No

t = 1- 1504 ↑0 :

0

Critical value to

Let us take 5% Level of significance (LOS)
1:24 = 0 . 05

dof = v =
n - 1 =5

From the t-table , we get
+x

= 2 . 015 = P(ta(t < d) = 0-05

Since t= 1-1504 <2 - 015 = Ex (since we are using right tailed test)

-Accept N .H Ho

An ambulance will reach within 20 mins.

Q 5 .

Given n =10
,
i = 0 -

53

5 = 0 . 03
, 10 = 0 -50

Test Statistic

=
= 0 -53 - 0.50

0 -03/ No

t = 3 - 16

Critical value
0-05

case 1 : Los is 4 = 0 . 05

dof : v =n -1 =9 #
Null hypothesis (no) : / = No -2- 26

Alternate hypothesis (H1) : MF No (both failed)

if M > no -
right railed

if MSNO
->

left tailed



If 5 pieces of certain ribbon selected at random have mean breaking strength of 169.5
pounds with S.D. of 5.7, do they confirm to the specification mean breaking strength
of 180 pounds.

From the distribution table

pl-a(+ - +*2) + P( +x,2(t (a)
= 0 -05

tE
= 2 - 262

SinceIt1 =3 . 167 t
=

2 . 262

:
Reject N-H Ho

: Under 5% Los , the mean of bolts not equal to 50mm

casec : Los & = 0 -01 and dof V = 9

#accepted region

- 3 . 25 3 . 16

From the distribution-table :

ty = 3 -25

2

Since It = 3 - 16 < 3 .25 =&
2

= Accept N . H Ho

Q4 ·

G iven
,

in = 169 . 5
,

S = 5-7
,

n =5

No
= 180

Test statistic

= 1895-18
5 - 7/55

t = - 4 - 115



Critical Value :

Let Los be 4 = 0 . 05 and dof V = n +1 = 4

N . H (HO) : M =0
= 180

A - H(H1) = M/180

Since in Al we have ,1 100 we left tailed test.

Since t= 4-119(2 . 13 =Ex

projectea- Reject N-1 Ho

#
=-x

Test Statistic

=
where sin -

use this it raw eater is give

OR

this
it s is given or raw data is

in

a



Given ;

n1 = 9 n2 = 6

= ;
x = 58 in =

51 . 83

simi = (44-5812 + 171-58 - - 148 -58)3
9

512 = 96 -88

Similarly ;

S2Zi = (52-51 :832+ 170-51 -%.....50 - 518

: Sc =
134 - 13

.. sh = miss? these
2

ni +ne
-2

82 = 9X96 . 88 +6xB4 - 13

13

S2 =

128 . 97

8 = 11-356

=> Test Statistic

t = (nT-2) -S = (58 - 51 -83) -0

sim+ "n2 11-356Na+6

t = 0 - 973

Null
hypothed isHo ! M1

- M2 = 0 = S

A H (H1) = M1-M2 0 = S (Two railed test)



Critical Value :

Find the& Going Los =0 · 01
2

and dof : v = ni +H2-2
= 13

By t-distribution table FF
The CV +

S - T

Pl- a < +( ta) + P(tx(t (a) = 0-

%

is to
=

3 . 02

SinceIt) = 1 . 030 < E
= 3-012

Accept N - H Ho

performance in maths is same for the two clapes A and B

Given
,

n1 = 5 he = 4 so =

misithese
?

= Zui = 2 . 86
nitne-2

ni

S2 = 5x3 - 1066 +4X1-3625

7
ne = Inei = 2 - 075

n2
S2 =

2 . 8027

5 ,
2 = z(-3 . 10

Test statistic

S22 = z(nzi - 2) 2 = 1 -3625 -n2

P . T - O ↓



t = (2-86 - 2 . 875) -0 = 0 - 699

16745+4

Null

hypothesisHoiM right tailed test

#
0-690 tx : 1-895

Find CV tolying 4 = 0.05 LOS

and dot V =
nitne-2 = 7

By the -table
, weget

-x = 1 -895
,

+< + 4

: Accept N -H 10 .

where
,
so=i

& -> Mean difference data

And
-

Mean difference

Sd -> Difference S .D



Before 45 73 46 124 335783342617

After 36 6044 11935517729241/

d = u1 -22 9 7 2 5-266526

n = 10 (sample

=di = 5. 2

so=tdi-)2
=5.22 +113-5-214 ... ..

+ (6-5
- 2)2

10

Sd
=

3 - 867

=> Test Statistic

/ = 4034

Null hypothesisNo :
Ml

=M2 (M1 -M2 = 0 =d )
Alternative hypothesis H1 : (1) 12 /Right tailed test

Note : If d =
11-22 values are mostly tre : MITM2

19 1/

-ve : In < M2

↓ = 111-112 values are mined it

same amt of te and-re : M1 FM2



The critical value to with LOS 4 = 0 .05 and dof V = n-1 = 9

By t-rably

tx = 1 - 833/1
Since t = 403471833 = +x

Reject N: H Ho

Disciplinary program is not effective

Before 0 . 4 0450 . 440540480620480600 .450. 460. 35

After 0 .

5 0 . 60 0 . 57065 0 . 63 6 . 780630800690 .62068

d =n1 =22
- 0. 1 -0 . 15 -0 . 13 -011

-015-016 -0. 15 -0 . 2 -24
-016-0.35

n = 11 -
M =M2

=E
= -0 . 1709 N - H Ho :

M1
= M2

=
M1-M2

= 0 =d

AN Hi : M1 < M2 (left tailed test)

sa:it
Find the C.V to using Los 4 = 0 . 05

Sa = 0 -062 and dof V = n -1 =10

Test statistic By -table , +x = -1 : 812 (since left tailed
,

-Md

*
hence take-re)

sam

=70
t = -8 . 66 Since +: -8 .66( - 1-812 = +4

: Reject Null hypothesis.


